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COMPLEX MANIFOLDS WITH MAXIMAL TORUS ACTIONS
HIROAKI ISHIDA
ABSTRACT. In this paper, we introduce the notion of maximal actions of compact tori on
smooth manifolds and study compact connected complex manifolds equipped with maxi-
mal actions of compact tori. We give a complete classification of such manifolds, in terms
of combinatorial objects, which are triples (∆,h,G) of nonsingular complete fan ∆ in g,
complex vector subspace h of gC and compact torus G satisfying certain conditions. We
also give an equivalence of categories with suitable definitions of morphisms in these fam-
ilies, like toric geometry.
We obtain several results as applications of our equivalence of categories; complex
structures on moment-angle manifolds, classification of holomorphic nondegenerate Cn-
actions on compact connected complex manifolds of complex dimension n, and construc-
tion of concrete examples of non-Ka¨hler manifolds.
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1. INTRODUCTION
Toric geometry was established around 1970 by Demazure, Miyake-Oda, Mumford etc.
It provides examples of concrete algebraic varieties and finds many interesting connections
with combinatorics, see [7],[10] and [19] for history. A toric variety is a normal algebraic
variety over the complex numbersCwith an effective algebraic action of an algebraic torus
GC having an open dense orbit. On the other hand, a fan is a collection of cones in a real
vector space with the origin as vertex satisfying certain conditions. A fundamental theorem
in toric geometry says that the category of toric varieties is equivalent to the category of
rational fans.
In this paper, we study complex manifolds with torus actions, which are siblings of
nonsingular complete toric varieties from the viewpoint of compact torus actions. Let M
be a connected smooth manifold, equipped with an effective action of a compact torus G.
Then dimG+dimGx ≤ dimM for any point x ∈M, where Gx is the isotropy subgroup at x
of G. This inequality motivates us to consider the case when the equality holds for some x.
We say that the action of G on M is maximal if there exists a point x ∈M such that
dimG+dimGx = dimM.
The main concern in this paper is complex manifolds equipped with maximal actions of
compact tori which preserve the complex structures. There are rich examples of such
manifolds:
Example 1.1 (compact complex torus Cn/Γ). Let Γ be a lattice of Cn, that is, a cocompact
discrete subgroup of Cn. Let M = Cn/Γ and let G = Cn/Γ ∼= (S1)2n act on M as transla-
tions. The G-action on M preserves the complex structure on M. The isotropy subgroup is
trivial at any point in M, so the action of G on M is maximal.
Example 1.2 (nonsingular complete toric variety). Let M be a nonsingular complete toric
variety and let G be the maximal compact torus of the algebraic torus acting on M. The
G-action on M preserves the complex structure and it is well-known that M has a fixed
point. Since dimG = 12 dimM and Gx = G at each fixed point x ∈ MG, the action of G on
M is maximal.
As is shown in [12], a compact connected complex manifold equipped with a maximal
action of a compact torus with at least one fixed point is biholomorphic to a nonsingular
complete toric variety.
Example 1.3 (Hopf manifold). Take α ∈ C∗ such that |α| 6= 1. Define an equivalence
relation ∼ on Cn \{0} so that
z ∼ w if and only if there is k ∈ Z such that z = αkw.
The quotient M =Cn\{0}/∼ is a complex manifold which is diffeomorphic to S2n−1×S1.
We equip the G = (S1)n+1-action on M as follows. Take an element α˜ ∈ 12pi√−1 logα .
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Define an Rn+1-action on M by
(v1, . . . ,vn,vn+1) · [z1, . . . ,zn] := [e2pi
√−1v1+2pi
√−1α˜vn+1z1, . . . ,e2pi
√−1vn+2pi
√−1α˜vn+1zn],
where [z] denotes the equivalence class of z ∈ Cn \ {0}. Clearly, the Rn+1-action on M
preserves the complex structure and Rn+1 has the global stabilizers Zn+1. Hence the Rn+1-
action descends to an effective G = (S1)n+1-action which preserves the complex structure
on M. At the point x = [1,0, . . . ,0] ∈ M, the isotropy subgroup is {1}× (S1)n−1 ×{1}
which is an (n−1)-dimensional torus. Therefore the action of G on M is maximal.
Example 1.4 (Calabi-Eckmann manifold (see [6] for details)). Define a (C∗)m-action on
(Ck \{0})× (Cm−k \{0}) by
(g1, . . . ,gm) · (z1, . . . ,zk,zk+1, . . . ,zm) := (g1zk, . . . ,gmzm).
As in Example 1.3, take α˜ ∈ C\R. Define a subgroup
H :=
(et , . . . ,et︸ ︷︷ ︸
k
,eα˜t , . . . ,eα˜t︸ ︷︷ ︸
m−k
) ∈ (C∗)m | t ∈ C
 .
The action of (C∗)m restricted to H on (Ck \{0})× (Cm−k \{0}) is free, proper and holo-
morphic. Therefore, the quotient space M := (Ck \ {0})× (Cm−k \ {0})/H becomes a
complex manifold. Thinking of S2k−1 and S2m−2k−1 as the unit spheres in Ck and Cm−k
respectively, the inclusion S2k−1 × S2m−2k−1 →֒ (Ck \ {0})× (Cm−k \ {0}) induces a dif-
feomorphism S2k−1 × S2m−2k−1 → M. In particular, M is a compact connected complex
manifold. We give an action of G = (S1)m on M as
(g1, . . . ,gm) · [z1, . . . ,zk,zk+1, . . . ,zm] := [g1z1, . . . ,gmzm]
for (g1, . . . ,gm) ∈ (S1)m and [z1, . . . ,zm] ∈ M, where [z1, . . . ,zm] denotes the equivalence
class of (z1, . . . ,zm) ∈ (Ck \ {0})× (Cm−k \ {0}). This G-action preserves the complex
structure on M. At the point x = [z1,0, . . . ,0,zk+1,0, . . . ,0] with z1,zk+1 6= 0, the isotropy
subgroup Gx is {1}× (S1)k−1 ×{1}× (S1)m−k−1, that is, an (m− 2)-dimensional torus.
Therefore dimG+dimGx = 2m−2 = dimM, so the action of G on M is maximal.
More interesting examples are LVM manifolds, LVMB manifolds and moment-angle
manifolds with complex structures. LVM manifolds are non-Ka¨hler compact complex
manifolds, constructed in [17] and the acronyms stand for Lop`ez de Medrano-Verovsky
[14] and Meersseman. LVMB manifolds are generalizations of LVM manifolds, con-
structed by Bosio in [3]. LVMB manifolds are obtained as the quotients of complements
of coordinate subspace arrangements in projective spaces CPn by free, proper, and holo-
morphic Cm-actions for some n. They are naturally equipped with actions of compact tori
which preserve the complex structures and are maximal (see Proposition 9.1). Moment-
angle manifolds are topological manifolds equipped with actions of compact tori, con-
structed from simplicial complexes. In [4], the smooth manifolds underlying a large class
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of LVM manifolds are shown to be equivariantly homeomorphic to moment-angle man-
ifolds coming from simplicial polytopal sphere. In [20] and [21], it is shown that even
dimensional moment-angle manifolds coming from star-shaped simplicial spheres carry
complex structures independently. The actions of compact tori on them preserve the com-
plex structures and are maximal.
We consider the class C1 which consists of all (M,G,y) of a compact connected complex
manifold M equipped with a maximal action of a compact torus G which preserves the
complex structure on M and a point y ∈ M such that Gy is trivial. As a combinatorial
counterpart of C1, we also consider the family C2 which consists of all triples (∆,h,G),
where ∆ is a nonsingular fan in the Lie algebra g of the compact torus G and h is a complex
vector subspace of gC := g⊗C∼= g⊕√−1g satisfying the following conditions:
(1) the restriction p|h of the projection p : gC→ g is injective and
(2) the quotient map q : g→ g/p(h) sends the fan ∆ to a complete fan q(∆) in g/p(h).
To each (M,G,y) in C1, we may assign a triple (∆,h,G) which sits in C2 as follows.
Each connected component of the fixed point set of a circle subgroup of G is a closed
complex submanifold of M. If such a submanifold has complex codimension one, then,
in analogy with the toric topology literature, we call it a characteristic submanifold of M
(cf. [16, p.240]). One can see that the number of characteristic submanifolds of M is finite
(possibly 0). Let N1, . . . ,Nk be the characteristic submanifolds of M. We define an abstract
simplicial complex Σ on the vertex set {1, . . . ,k} as
Σ :=
{
I ⊆ {1, . . . ,k} |
⋂
i∈I
Ni 6= /0
}
.
Let Gi be the circle subgroup of G which fixes Ni pointwise. Define λi : S1 → G so that
(λi(g))∗(ξ ) = gξ for all g ∈ S1,ξ ∈ T M|Ni/T Ni.
We may regard λi as a vector in g and put CI := {∑i∈I aiλi | ai ≥ 0} for I ∈ Σ. Then, we
have a collection ∆ of cones CI in g. One can see that ∆ is a nonsingular fan in g. Since the
action of G on M preserves the complex structure on M, we may consider the complexified
action GC×M → M. The vector subspace h is the Lie subalgebra of the global stabilizers
of this complexified action. One can see that ∆ and h satisfy conditions (1) and (2) above
and hence we have a map F1 : C1 → C2. F1 does not depend on the choice of y, but we
will use y for defining the hom-sets on C1 later. We often denote by F1(M,G) the value
F1(M,G,y) for y ∈ M such that Gy is trivial.
Conversely, we can construct a compact connected complex manifold equipped with an
action of a compact torus G which is maximal and preserves the complex structure from
each triple (∆,h,G) in C2. Let X(∆) be the nonsingular toric variety associated with ∆.
One can see that the quotient X(∆)/H is a compact connected complex manifold, where
H := exp(h) ⊆ GC. The action of G on X(∆) descends to an action on X(∆)/H which is
maximal and preserves the complex structure. Since X(∆) is a toric variety, by definition,
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the unit of GC can be regarded as a point 1X(∆) ∈ X(∆). So we have a map F2 : C2 → C1
given by F2(∆,h,G) := (X(∆)/H,G, [1X(∆)]).
The first theorem in this paper is the following:
Theorem 1.5 (See also Theorem 7.9). Let M be a compact connected complex manifold
equipped with a maximal action of a compact torus G which preserves the complex struc-
ture on M, and let (∆,h,G) = F1(M,G). Then, M is equivariantly biholomorphic to
X(∆)/H.
Theorem 1.5 tells us that a compact connected complex manifold M equipped with a
maximal action of a compact torus G which preserves the complex structure on M is equiv-
ariantly biholomorphic to the quotient of a nonsingular toric variety by a subgroup H of
GC.
Example 1.6 (compact complex torus Cn/Γ (continuation)). Let γ1, . . . ,γ2n be generators
of the lattice Γ. Consider the C-linear map
f : C2n → Cn, f (ei) = γi
for all i, where ei denotes the i-th standard basis vector of C2n. The map f descends to
a surjective holomorphic homomorphism f : C2n/Z2n → Cn/Γ. Through the exponential
function t 7→ e2pi
√−1t
, we can identify C2n/Z2n with the algebraic torus (C∗)2n. So we
have a surjective holomorphic homomorphism f : (C∗)2n → Cn/Γ. The Lie algebra of
ker f =: H is ker f =: h and Cn/Γ is isomorphic to the quotient (C∗)2n/H. Remark that
(C∗)2n is the affine toric variety associated with the fan consisting of only the origin {0}
in R2n.
Example 1.7 (nonsingular complete toric variety (continuation)). Let (∆,h,G)∈C2. In the
case when h = {0}, the condition (2) implies that ∆ is a complete fan. Theorem 1.5 gen-
eralizes the correspondence between nonsingular complete toric varieties and nonsingular
complete fans through [12, Theorem 1].
Example 1.8 (Hopf manifold (continuation)). Let α˜ ∈ C \R and let α = e2pi
√−1α˜
. We
may think of the Hopf manifold M = Cn \ {0}/ ∼ in Example 1.3 as a Calabi-Eckmann
manifold. In fact,
Cn/∼→ (Cn \{0})×C∗/H, [z1, . . . ,zn] 7→ [z1, . . . ,zn,1]
is a biholomorphism, where H is defined as
H :=
(et , . . . ,et︸ ︷︷ ︸
n
,eα˜t) ∈ (C∗)n+1 | t ∈ C
 .
So Example 1.9 below contains the case of Hopf manifolds.
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Example 1.9 (Calabi-Eckmann manifold (continuation)). Example 1.4 is suitable to ex-
plain Theorem 1.5. Consider the Calabi-Eckmann manifold M = (Ck \ {0})× (Cm−k \
{0})/H. There are m characteristic submanifolds of M and each of them is
Ni := {[z1, . . . ,zm] ∈M | zi = 0}
for i = 1, . . . ,m. The circle subgroup Gi which fixes Ni pointwise is the i-th coordinate
1-dimensional subtorus of G = (S1)m. So one can see that the corresponding fan ∆ is
∆ := {pos(ei | i ∈ I∪ J) | I ( {1, . . . ,k},J ( {k+1, . . . ,m}}
and the associated toric variety X(∆) is (Ck \ {0})× (Cm−k \ {0}), where pos(A) denotes
the cone spanned by elements in A. The complexified action (C∗)m×M → M is given by
(g1, . . . ,gm) · [z1, . . . ,zm] = [g1z1, . . . ,gmzm]
for (g1, . . . ,gm) ∈ (C∗)m and [z1, . . . ,zm] ∈ M, so the global stabilizers coincide with H.
Finally, we shall see that ∆ and the Lie algebra h of H satisfies the conditions (1) and (2).
By direct computation, p(h) ⊆ Rm is spanned by the vectors v1 = (1, . . . ,1︸ ︷︷ ︸
k
,0, . . . ,0︸ ︷︷ ︸
m−k
) and
v2 = (0, . . . ,0︸ ︷︷ ︸
k
,1, . . . ,1︸ ︷︷ ︸
m−k
). So we may identify Rm/p(h) with Rm−2 by
[x1, . . . ,xm] 7→ (x1− xk, . . . ,xk−1− xk,xk+1− xm, . . . ,xm−1− xm).
Therefore the image of the fan ∆ by the map q : Rm → Rm−2 is the product of the fans
associated with projective spaces CPk−1 and CPm−k−1. In particular, q(∆) is a complete
fan in Rm−2.
We also consider morphisms in both C1 and C2 and show that C1 and C2 are equiva-
lent. For (M1,G1,y1),(M2,G2,y2) ∈ C1, a morphism ψ : (M1,G1,y1)→ (M2,G2,y2) is an
α-equivariant1 holomorphic map ψ : M1 →M2 such that ψ(y1)= y2 for some group homo-
morphism α : G1 →G2. Obviously C1 with the hom-sets HomC1((M1,G1,y1),(M2,G2,y2))
becomes a category.
For (∆1,h1,G1),(∆2,h2,G2)∈C2, We define a hom-set HomC2((∆1,h1,G1),(∆2,h2,G2))
to be the set of all Lie group homomorphism α : G1 → G2 such that the linear map
(dα)1 : g1 → g2 induces a morphism from ∆1 to ∆2 and the linear map (dα)1⊗ idC : gC1 →
gC2 satisfies (dα)1 ⊗ idC(h1) ⊆ h2. For morphisms, the composition is defined by the
composition of group homomorphisms. Then, we can see that C2 with the hom-sets
HomC2((∆1,h1,G1),(∆2,h2,G2)) forms a category, too.
We define mapping functions and use the same notations F1 and F2. For a morphism
ψ ∈ HomC1((M1,G1,y1),(M2,G2,y2)), we denote by F1(ψ) the group homomorphism
α : G1 →G2 if ψ is α-equivariant. Conversely, for a morphism α ∈HomC2((∆1,h1,G1),(∆2,h2,G2)),
let ψ˜α : X(∆1)→ X(∆2) denote the toric morphism associated with (dα)1 : g1 → g2. ψ˜α
1A map f : X1 → X2 between a G1-set X1 and a G2-set X2 is said to be α-equivariant if α(g)◦ f = f ◦ g
for all g ∈ G1.
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descends to an α-equivariant holomorphic map ψα : X(∆1)/H1 → X(∆2)/H2, where Hi
denotes the image of hi by the exponential map for i = 1,2. We define F2(α) to be ψα .
We can see that both F1 and F2 are covariant functors.
Theorem 1.10 (See also Theorem 8.2). The covariant functors F1 : C1 →C2 and F2 : C2 →
C1 are weak inverse to each other. In particular, the categories C1 and C2 are equivalent.
As an application of Theorem 1.10, we show that F1 gives a complete invariant as
complex manifolds. Namely,
Theorem 1.11 (See also Theorem 8.5). Let M1 and M2 be compact connected complex
manifolds, equipped with maximal actions of compact tori G1 and G2 which preserve the
complex structures on M1 and M2, respectively. Then, M1 is biholomorphic to M2 if and
only if F1(M1,G1) is isomorphic to F1(M2,G2).
We also study on equivariant princiapal holomorphic bundles in complex manifolds with
maximal torus actions. We show that LVMB manifolds appear as building blocks of com-
plex manifolds with maximal torus actions.
Theorem 1.12 (See also Theorem 10.2). For any compact connected complex manifold M
equipped with a maximal action of a compact torus G which preserves the complex struc-
ture on M, there exists an LVMB manifold Xn,m and an equivariant principal holomorphic
bundle ψ : Xn,m →M. In particular, every compact complex manifold with a maximal torus
action is a quotient of an LVMB manifold.
As another application, we also give a complete classification of compact connected
complex n-manifolds with holomorphic nondegenerate Cn-actions. The notion of nonde-
generate action is introduced by Zung and Minh in [22]. The classification of compact
connected complex manifolds which admit nondegenerate Cn-actions can be obtained by
Theorem 1.11 and by the following:
Theorem 1.13 (See also Theorem 11.3). Let M be a compact connected complex manifold
of complex dimension n. Then, M admits a holomorphic nondegenerate Cn-action if and
only if M admits an action of a compact torus G which is maximal and preserves the
complex structure on M.
We give a necessary condition for a compact connected complex manifold M with a
maximal action of a compact torus G preserving the complex structure on M to admit
a Ka¨hler metric in terms of F1(M,G) (Theorem 12.1). It turns out that we can obtain
concrete examples of non-Ka¨hler manifolds from elements in C2 which do not satisfy the
necessary condition.
This paper is organized as follows. In Section 2, we see some properties of maximal
torus actions. In Section 3, we briefly recall how to construct complexified action and pre-
pare some lemmas for later use. In Section 4, we study the complex structure around min-
imal orbits. Especially, we give an explicit presentation of the complex structure around a
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minimal orbit. In Section 5, we assign a nonsingular fan ∆ in g and a complex vector sub-
space h of gC to a compact connected complex manifold M equipped with a maximal torus
action which preserves the complex structure. We also characterize the pair (∆,h) which
comes from (M,G). In Section 6, we construct a principal bundle over an open subset of
M whose total space is a toric variety. This construction is the key of the proof of Theorem
1.5. In Section 7, we study the quotients of toric varieties by subgroups of algebraic tori,
and prove Theorem 1.5. Throughout Sections 4 – 7, we use arguments similar to [12].
In Section 8, we define morphisms in C1 and C2 and show that F1 and F2 are equiva-
lence of categories. In Section 9, we clarify relationships between complex manifolds with
maximal torus actions, LVMB manifolds and moment-angle manifolds with invariant com-
plex structures. In Section 10, we study on the equivariant principal bundles in complex
manifolds with maximal torus actions and show Theorem 1.12. In Section 11, we clarify
the relation with holomorphic nondegenerate Cn-actions and give a complete classification
of compact connected complex n-manifolds which admit holomorphic nondegenerate Cn-
actions. In Section 12, we give a necessary condition for a compact connected complex
manifold equipped with a maximal action of a compact torus to admit a Ka¨hler metric.
2. MAXIMAL TORUS ACTIONS AND MINIMAL ORBITS
Let M be a connected manifold equipped with an effective action of a compact torus
G. Since M is connected, G is abelian and the action on M of G is effective, the normal
subspace TxM/Tx(G · x) must be a faithful representation of the isotropy subgroup Gx at x.
Since the identity component G0x of Gx is a subtorus of G, it follows from the faithfulness
of TxM/Tx(G · x) that
(2.1) dimGx ≤ 12(dimM− (dimG−dimGx))
for all x ∈M. The inequality ( 2.1) can be simplified to
(2.2) dimG+dimGx ≤ dimM
and this inequality ( 2.2) is equivalent to
(2.3) dimG · x≥ 2dimG−dimM.
Definition 2.1. Let M be a connected manifold equipped with an effective action of a
compact torus G. We say that the action of G on M is maximal if there is a point x ∈ M
such that
dimG+dimGx = dimM,
that is, the equality of ( 2.2) holds. We say that an orbit G · x through x is minimal if
dimG · x = 2dimG−dimM,
that is, the equality of ( 2.3) holds.
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It imediatly follows that the action of G on M is maximal if and only if there exists a
minimal orbit G · x.
Roughly speaking, the maximal action on M means that there is no larger compact torus
which acts on M effectively. We shall state this for later use.
Lemma 2.2. Let M be a connected manifold equipped with an effective action of a compact
torus G′. Let G be a subtorus of G′. Suppose that the action of G′ restricted to G on M is
maximal. Then, G = G′.
Proof. It suffices to show that dimG = dimG′. Since the action of G on M is maximal,
there exists a point x ∈ M such that dimG+ dimGx = dimM. Since dimG ≤ dimG′ and
dimGx ≤ dimG′x, we have that
dimM = dimG+dimGx ≤ dimG′+dimG′x ≤ dimM
by ( 2.2). Therefore dimG+dim Gx = dimG′+dimG′x. Using dimG≤ dimG′ and dimGx ≤
dimG′x again, we have that dimG = dimG′, proving the lemma. 
We shall state the following for later use, too.
Lemma 2.3. Let M be a connected manifold equipped with a maximal action of a compact
torus G. Let G · x be a minimal orbit. Then, the followings hold:
(1) The isotropy subgroup Gx of G at x is connected.
(2) G · x is a connected component of the fixed point set of the action of G restricted to
Gx on M.
(3) Each minimal orbit is isolated. In particular, there are finitely many minimal orbits
if M is compact.
Proof. Since the action of G is maximal, the representation TxM/Tx(G · x) of Gx is faithful
and
(2.4) dimGx = 12 dimTxM/Tx(G · x).
Consider the injective homomorphism Gx →GL(TxM/Tx(G ·x)) associated with the repre-
sentation TxM/Tx(G ·x). Since Gx is compact and abelian, it follows from ( 2.4) that the im-
age of the whole Gx by the homomorphism is a maximal compact torus of GL(TxM/Tx(G ·
x)). Therefore Gx should be connected, proving Part (1).
Since the image of Gx by the homomorphism Gx → GL(TxM/Tx(G · x)) is a maximal
compact torus of GL(TxM/Tx(G · x)), we have that
(TxM/Tx(G · x))Gx = {0}.
This shows that
TxMGx = Tx(G · x).
This together with the slice theorem shows Part (2).
It follows from Part (2) and the slice theorem that each minimal orbit is isolated, proving
Part (3). 
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3. COMPLEXIFIED ACTIONS
Let M be a complex manifold and let a connected abelian group G act on M preserving
the complex structure J. Then, under a certain condition, we can construct the complexified
action on M of a complex Lie group GC such that the action map is holomorphic.
For a vector v in the Lie algebra g of G, we denote by Xv the fundamental vector field
generated by v. For a vector field X on M, we denote by exp(X) the flow at time 1 which
is a diffeomorphism from M to M itself when exp(X) can be defined.
Any element in gC := g⊗RC can be represented as u⊗1+v⊗
√−1 for unique u,v ∈ g
and hence it is isomorphic to g⊕√−1g as real vector spaces. For simplicity, we denote by
u+
√−1v the element u⊗1+ v⊗√−1.
Let J be the complex structure on M. Suppose that JXv is complete for any v ∈ g. Then
we define a map gC×M → M to be (u+√−1v,x) = exp(Xu + JXv)(x) for u,v ∈ g. We
claim that the map gC×M → M is a holomorphic action.
First, we see that the map gC×M → M is an action. To see this, we see that the vector
fields Xu,Xv,JXu,JXv commute with each other. Since g is commutative, [Xu,Xv] = 0. Since
the flow of Xu preserves J and Xv, it also preserves JXu and JXv. So [Xu,JXu] = [Xu,JXv] =
0. Since J is the complex structure, its Nijenhuis tensor, N(Z,W ) := 2([JZ,JW ]−J[JZ,W ]−
J[Z,JW ]− [Z,W ]) vanishes for any vector fields Z,W on M. Setting Z = Xu and W = Xv
we have that [JXu,JXv] = J[JXu,Xv]+ J[Xu,JXv]+ [Xu,Xv] and each of the three terms on
the right hand side is zero. So the vector fields Xu,Xv,JXu and JXv commute with each
other. This shows that the map gC×M → M is an action.
Now we see that the flow of JXv preserves the complex structure J on M. The flow of
a vector field Y preserves J if and only if [Y,JW ] = J[Y,W ] for each vector field W (see
[13, Proposition 2.10 in Chapter IX]). Setting Y = JXu and W arbitrary, it follows from the
vanishing of the Nijenhuis tensor and the assumption that the flow of Xu =−JY preserves
J that
0 = N(JY,W ) = 2([−Y,JW ]− J[−Y,W ]− J[JY,JW ]− [JY,W ])
= 2([−Y,JW ]− J[−Y,W ]).
Hence the flow of Y = JXu preserves J.
Finally, the action map gC×M → M is holomorphic, because its differential, which
at the point (Xu +
√−1Xv,x) is the map gC × TxM → Texp(Xu+JXv)(x)M that takes (u′+√−1v′,X ′) to Xu′(exp(Xu+JXv)(x))+JXv′(exp(Xu+JXv)(x))+d(exp(Xu+JXv))(X ′), is
complex linear.
We remark that the exponential map g→ G is a surjective homomorphism because G
is connected and abelian. So G is isomorphic to g/Hom(S1,G), where we think of the
set Hom(S1,G) of homomorphisms λ : S1 → G as a subset of g via the image of 1 by the
differential of the composition λ ◦e2pi
√−1• : R→ S1 →G. The action of gC on M descends
to an action of GC := gC/Hom(S1,G). The GC-action on M is said to be the complexified
action.
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Example 3.1. Let G= S1 act on a vector spaceC as a representation and let α ∈Hom(G,C∗)
be its character. Namely, the action G×C→ C is given as
g · v = α(g)v = gkv for some k ∈ Z.
The complexified action GC×C→C is given by the same formulation
g · v = gkv for g ∈ GC = C∗.
We also denote by α the character of GC×C→ C.
Remark 3.2. Let G1 and G2 be connected abelian Lie groups and let α : G1 → G2 be
a Lie group homomorphism. The differential of α at the unit 1 of G1, the linear map
(dα)1 : g1 → g2, sends elements in Hom(S1,G1) to elements in Hom(S1,G2). So the C-
linear map (dα)C1 := (dα)1⊗ idC : gC1 → gC2 induces a complex Lie group homomorphism
GC1 → GC2 . We also denote by α this complex Lie group homomorphism GC1 →GC2 .
Let M1 and M2 be complex manifolds equipped with actions of G1 and G2 preserving
the complex structures on M1 and M2, respectively. Let ψ : M1 → M2 be an α-equivariant
holomorphic map, that is, the diagram
G1×M1
α×ψ
//

G2×M2

M1
ψ
// M2
commutes, where the vertical arrows are the action maps. Suppose that the complexified
actions GCi ×Mi →Mi can be defined for both i = 1,2. Then, it follows from the definition
of the complexified actions and the holomorphicity of ψ that the diagram
GC1 ×M1
α×ψ
//

GC2 ×M2

M1
ψ
// M2
commutes. So ψ is an α-equivariant holomorphic map with respect to the complexified
homomorphism α : GC1 → GC2 .
The complexified action GC×M → M might not be effective. We denote by ZGC the
subgroup which consists of global stabilizers, that is,
ZGC := {g ∈ GC | g · x = x for all x ∈M}.
We denote by GM the quotient complex Lie group GC/ZGC . We regard G as a subgroup of
GC and of GM when G acts on M effectively. The dimension of GM should be at most the
dimension of the manifold M. This follows from the following lemma and its corollary.
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Lemma 3.3. Let M be a connected complex manifold of complex dimension n and let
Y1, . . . ,Yn be holomorphic vector fields such that Y1∧· · ·∧Yn is not zero, that is, there exists
a point x ∈ M such that Y1(x), . . . ,Yn(x) are linearly independent over C. Then, the open
subset
S := {x ∈M |Y1(x), . . . ,Yn(x) are linearly independent over C}
is dense in M and connected.
Proof. Let {ϕα : Uα → Dn}α be local holomorphic coordinate systems, that is, Uα’s are
open subsets of M such that
⋃
α Uα = M, Dn is the polydisc in Cn and each ϕα is a biholo-
morphism. It suffices to show that Uα ∩S is dense in Uα and connected for each index α .
Let zi for i = 1, . . . ,n be the i-th factor of ϕα . Using these coordinates we can represent
Y1∧· · ·∧Yn as
Y1∧· · ·∧Yn = f ∂∂ z1 ∧· · ·∧
∂
∂ zn
,
where f is a holomorphic function defined on Uα . For y ∈Uα , Y1(y), . . . ,Yn(y) are linearly
independent over C if and only if f (y) 6= 0. Since f is holomorphic, the open subset
{y ∈Uα | f (y) 6= 0}=Uα ∩S is dense and connected unless empty. Suppose Uα0 contains
x ∈ M such that Y1(x), . . . ,Yn(x) are linearly independent over C. For any index α , we can
find a sequence of indices α1, . . . ,αk such that Uα j ∩Uα j+1 6= /0 for j = 0, . . . ,k− 1 and
Uαk = Uα because M is connected. By induction on k, we can show that Uα ∩ S is dense
and connected. By the choice of α0, Uα0 ∩S is not empty and hence Uα0 ∩S is dense and
connected. Suppose that Uαk ∩ S is dense in Uαk and connected and Uαk ∩Uαk+1 is not
empty. Then, Uαk ∩Uαk+1 ∩S is not empty. So Uαk+1 ∩S is not empty and hence Uαk+1 ∩S
is dense in Uαk+1 and connected.
Therefore, for any index α , Uα∩S is dense in Uα and connected, proving the lemma. 
Corollary 3.4. Let M be a compact connected complex manifold of complex dimension
n. Let an abelian Lie group G act on M preserving the complex structure and let gC be as
above. Suppose that there exist a point x∈M and v1, . . . ,vn ∈ gC such that Xv1(x), . . . ,Xvn(x)
are linearly independent over C. Then, GC · x is an open dense orbit.
Proof. The corollary follows from Lemma 3.3 immediately. 
For later use, we state the fact that the dimension of GM is at most the dimension of M
as a corollary.
Corollary 3.5. Let M and G be as above. Then, the dimension of GM is at most the
dimension of M.
Proof. The corollary follows from Corollary 3.4 immediately. 
4. STRUCTURE AROUND MINIMAL ORBITS
Let M be a compact connected complex manifold equipped with a maximal action of a
compact torus G. We assume that each element of G preserves the complex structure J on
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M. As we saw in Section 3, the action of G on M extends to an action of GC and of GM
because any vector fields are complete.
Lemma 4.1. Let M be a connected complex manifold equipped with a maximal action of
a compact torus G. Suppose that each element of G preserves the complex structure on M.
Then, each minimal orbit is a complex submanifold of M.
Proof. Let G · x be a minimal orbit. Since each element of G preserves the complex struc-
ture J on M, each element of Gx also preserves J. Hence each connected component of
fixed points of the action of Gx is a complex submanifold. This together with Lemma 2.3
shows that G · x is a complex submanifold of M, as required. 
Let G · x be a minimal orbit of M. For any v ∈ g, the fundamental vector field Xv|G·x
generated by v restricted to G · x is tangent to G · x. It follows from Lemma 4.1 that the
vector field JXv|G·x is also tangent to G ·x. This together with the definition of complexified
action yields that G · x is invariant under the action of GC and hence G · x is invariant
under the action of GM. Since GM acts on G · x transitively, G · x is GM-equivariantly
biholomorphic to GM/(GM)x. In order to describe the complex structure of G · x and its
tubular neighborhood, we investigate the global stabilizers ZGC and the isotropy subgroup
(GM)x.
Lemma 4.2. Let M and G as above. The global stabilizers
ZGC = {g ∈ GC | g · x = x for all x ∈ M}
are connected and have no element of finite order .
Proof. Any element of finite order in GC = gC/Hom(S1,G) is an element of G. Since the
action of G on M is effective, ZGC has no element of finite order.
Suppose that ZGC is not connected. Then, there exists an element [v] ∈ ZGC such that [v]
does not sit in the identity component of ZGC , where [v] denotes the equivalence class of
v ∈ gC. We fix the representative v ∈ gC of [v] ∈ ZGC . If v ∈ g, then the action of G on M
is not effective. Thus v /∈ g. We have a circle action on M via
([t],x) 7→ exp(tXv)(x) for [t] ∈ R/Z.
By definition, the action of R/Z on M commute with the action of G. So we have the
action of the compact torus R/Z×G on M. Since v does not sit in g and [v] does not sit
in the identity component of ZGC , the action of R/Z×G on M has at most finite global
stabilizers. Thus we have an effective action of a compact torus of dimension dimG+1.
This contradicts Lemma 2.2. Therefore ZGC is connected, proving the lemma. 
Lemma 4.3. Let M,G and x as above. There exists a Gx-equivariant biholomorphism
ϕx : U → U˜, where U is a Gx-invariant open subset containing x ∈ M and U˜ is a Gx-
invariant open subset of TxM (with the natural complex structure) containing the origin.
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Proof. This can be shown by an almost same argument as [12, Proof of Lemma 5]. For
convenience of the reader, we give a proof of the lemma here.
Suppose that the complex dimension of M is n. Let ϕ : U → U˜ ⊆ Cn be a holomorphic
local chart near x with ϕ(x) = 0. Identifying Cn with TxM via the differential
(dϕ)x : TxM → T0Cn ∼= Cn,
we have a biholomorphism
ϕ ′ : U → U˜ ′ ⊆ TxM
whose differential at x is the identity map on TxM. We want to obtain such a biholomor-
phism that is also equivariant.
Set
U ′ :=
⋂
g∈Gx
gU.
By definition of U ′, U ′ contains x and hence is not empty. We now show that U ′ is open.
The complement of U ′ is the image of the closed subset Gx× (M \U) by the action map
Gx×M → M. Since M is compact, so is Gx× (M \U). Therefore, M \U ′ is compact and
hence U ′ is open.
To obtain an equivariant map, we average ϕ ′|U ′: let
ϕ˜ :=
∫
g∈Gx
(g◦ϕ ′ ◦g−1)dg : U ′→ TxM,
where dg is a Haar measure on Gx. By definition of ϕ˜ , the map ϕ˜ is holomorphic, Gx-
equivariant and its differential at x is the identity map on TxM, but no longer biholomorphic
in general. However, the implicit function theorem tells us that the restriction of ϕ˜ to some
smaller open subset U ′′ containing x is a biholomorphism onto the subset ϕ˜(U ′′) of TxM.
The restriction of ϕ˜ to the Gx-invariant open subset Ux :=
⋂
g∈Gx gU
′′ is what we wanted.
The lemma is proved. 
Let 2n be the real dimension of M (that is, n is the complex dimension of M) and let
m be the dimension of G. It follows from Lemma 4.1 that Tx(G · x) is a complex vector
space of complex dimension m−n and invariant under the Gx-action. So TxM/Tx(G · x) is
a complex (2n−m)-dimensional representation of Gx. We decompose the representation
TxM/Tx(G · x) into the direct sum of irreducible representations
Cα1 ⊕·· ·⊕Cα2n−m ,
where Cα j denotes the complex 1-dimensional representation of Gx whose character is
α j ∈ Hom(Gx,S1). The following follows from Lemma 4.3 immediately.
Corollary 4.4. There exists a Gx-equivariant local holomorphic chart
ϕx : Ux → Dm−n×D2n−m
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from an invariant open neighborhood Ux of x to a polydisc Dm−n ×D2n−m, where the
former factor Dm−n is a polydisc in Cm−n with the trivial Gx-action and the latter factor
D2n−m is a polydisc in
⊕2n−m
j=1 Cα j .
Let z1, . . . ,zm−n,w1, . . . ,w2n−m be the standard coordinate functions of Dm−n×D2n−m ⊂
Cm−n ×⊕2n−mj=1 Cα j . Corollary 4.4 implies that there exists a basis (v′1, . . . ,v′2n−m) of gx
such that the fundamental vector fields generated by them can be written as
(4.1) Xv′j =
√−1w j ∂∂w j for j = 1, . . . ,2n−m
through the coordinates z1, . . . ,zm−n,w1, . . . ,w2n−m. Here, we identify vector fields whose
flows preserve the complex structure with holomorphic vector fields via X 7→ 12(X−
√−1JX).
Lemma 4.5. There exists a (Gx)C-equivariant local holomorphic chart
ϕx : Ux → Dm−n×
2n−m⊕
j=1
Cα j
for an invariant open neighborhood Ux of x, where (Gx)C acts on the former factor Dm−n
trivially and on the latter factor⊕2n−mj=1 Cα j as the complexified action on ⊕2n−mj=1 Cα j (see
Section 3).
Proof. Let ϕx : Ux → Dm−n×D2n−m be as in Corollary 4.4. We sweep the second factor
D2n−m by the complexified action of (Gx)C. Because ϕx is Gx-equivariant and holomor-
phic, it intertwines the restriction to Ux of the vector fields that generate the complexified
(Gx)C-action on M with the restriction to Dm−n×D2n−m of the vector fields that generate
the complexified (Gx)C-action onDm−n×⊕2n−mj=1 Cα j . This together with the fact that ϕx is
diffeomorphism between Ux and Dm−n×D2n−m implies that ϕx also intertwines the partial
flows on Ux and on Dm−n×D2n−m that are generated by these vector fields; in particular,
it intertwines the domains of definition of these partial flows.
Let v be an element in (gx)C. Since ϕx intertwines the partial flows on Ux and Dm−n×
D2n−m that are generated by Xv,
ϕx ◦ exp(Xv) = exp((ϕx)∗Xv)◦ϕx
on a sufficiently small neighborhood of x. This means that
(4.2) ϕ [v]x := exp(Xv)◦ϕx ◦ exp(Xv)−1 = ϕx
on a sufficiently small neighborhood of x, where [v]∈ (Gx)C=(gx)C/Hom(S1,Gx) denotes
the equivalence class of v ∈ (gx)C. Since both ϕ [v]x and ϕx are holomorphic and ( 4.2), they
coincide on the intersection of the domains of definition for ϕx and ϕ [v] because of the
identity theorem. Namely, we have that
ϕ [v]x = ϕx on Ux∩ exp(Xv)(Ux).
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Let u be another element in (gx)C. Applying the identity theorem again, we have that
ϕ [u]x = ϕ [v]x on exp(Xu)(Ux)∩ exp(Xv)(Ux).
We glue all ϕ [v]x for [v] ∈ (Gx)C and get a holomorphic map⋃
[v]∈(Gx)C
ϕ [v]x :
⋃
[v]∈(Gx)C
exp(Xv)(Ux)→ Dm−n×
2n−m⊕
j=1
Cα j .
Since each ϕ [v]x is biholomorphic, the map
⋃
[v]∈(Gx)C ϕ
[v]
x is a local biholomorphism. More-
over,
⋃
[v]∈(Gx)C ϕ
[v]
x is surjective. In fact, for any point p ∈ Dm−n×⊕2n−mj=1 Cα j , take ℓ ∈ R
to be
eℓ > max{|w j(p)| | j = 1, . . . ,2n−m}
and put
v = ℓ
(
2n−m
∑
j=1
−√−1v′j
)
where v′j is as ( 4.1),
then we have p ∈ ϕ [v]x (Ux).
Since
⋃
[v]∈(Gx)C ϕ
[v]
x is a surjective local biholomorphism, the range Dm−n×⊕2n−mj=1 Cα j
is simply connected and the domain ⋃[v]∈(Gx)C exp(Xv)(Ux) of definition is connected, the
map
⋃
ξ∈(gx)C ϕ
(ξ )
x is a biholomorphism. By the construction of the map
⋃
[v]∈(Gx)C ϕ
[v]
x , it
is (Gx)C-equivariant. The lemma is proved. 
We set a GC-invariant open subset
N(G · x) :=
⋃
[v]∈GC
exp(Xv)(Ux),
where Ux is as in Lemma 4.5. N(G · x) is the minimal GC-invariant open subset which
contains G · x. Thus, N(G · x) does not depend on a choice of Ux and hence N(G · x) is
unique.
Lemma 4.6. Let N(G · x) be as above. Then N(G · x) contains an open dense GC-orbit. In
particular, M contains an open dense GC-orbit.
Proof. By Corollary 3.4, it suffices to show the existence of a point y ∈ N(G · x) and ele-
ments v1, . . . ,vn ∈ gC such that Xv1(y), . . . ,Xvn(y) are linearly independent over C.
Let ϕx : Ux → Dm−n×⊕2n−mj=1 Cα j be as in Lemma 4.5. Let z1, . . . ,zm−n,w1, . . . ,w2n−m
be the standard coordinate functions of Dm−n×⊕2n−mj=1 Cα j . Clearly, there exist elements
v1, . . . ,vm−n ∈ g⊂ gC such that
(dzi(Xv j))(x) = δi j
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where δi j is the Kronecker delta. Hence we have that a function on Ux defined by
dz1∧· · ·∧dzm−n(Xv1, . . . ,Xvm−n)
is not zero on an open subset U ′x containing x. It follows from Lemma 4.5 that there
exist elements v′1, . . . ,v′2n−m ∈ gx ⊂ gC such that the fundamental vector fields are locally
represented as
Xv′j =
√−1w j ∂∂w j
for j = 1, . . . ,2n−m. And then, a function
dz1∧· · ·∧dzm−n∧dw1∧· · ·∧dw2n−m(Xv1, . . . ,Xvm−n,Xv′1, . . . ,Xv′2n−m)
=
(
√−1)2n−m(m−n)!
n!
w1 · · ·w2n−mdz1∧· · ·∧dzm−n(Xv1, . . . ,Xvm−n)
is not zero on the open subset
U ′′x = {y ∈U ′x | w j(y) 6= 0 for all j = 1, . . . ,2n−m}.
This shows that Xv1(y), . . . ,Xvm−n(y),Xv′1(y), . . . ,Xv′2n−m(y) are linearly independent over C
for y ∈U ′′x , proving the lemma. 
Let h be the Lie algebra of ZGC . The Lie algebra gM of GM = GC/ZGC is gC/h by
definition. It follows from Lemma 4.6 that the dimension of gM is equal to the dimension
of M.
It follows from Lemma 4.5 that (Gx)C acts on M effectively. Hence we may regard
(Gx)C as a subgroup of GM. Also, we may regard (gx)C as a Lie subalgebra of gM .
Lemma 4.7. The vector subspaces g and
√−1gx span the whole space gM and g∩
√−1gx =
{0}.
Proof. We shall show that there exist elements v1, . . . ,v2m−2n ∈ g, v′1, . . . ,v′4n−2m ∈ (gx)C
and a point y ∈ M such that Xv1(y), . . . ,Xv2m−2n(y),Xv′1(y), . . . ,Xv′4n−2m(y) are linearly inde-
pendent over R. Because if we got such elements, then we have that g+
√−1gx = gM.
Moreover, thanks to the dimensions of g,gx and gM , we will have that g∩
√−1gx = {0}.
We will use an argument similar to the proof of Lemma 4.6. Let ϕx : Ux → Dm−n ×⊕2n−m
j=1 Cα j be as in Lemma 4.5. Let z1, . . . ,zm−n,w1, . . . ,w2n−m be the standard holomor-
phic coordinates of Dm−n×⊕2n−mj=1 Cα j . Then,
xi :=
zi + zi
2
, yi :=−
√−1zi− zi
2
for i = 1, . . . ,m−n form real coordinates of the first factor Dm−n.
x′j :=
w j +w j
2
, y′j :=−
√−1w j−w j
2
18 H. ISHIDA
for j = 1, . . . ,2n−m form real coordinates of the second factor⊕2n−mj=1 Cα j . Since ϕx(G·x∩
Ux) is the subset of points such that x′j = y′j = 0 for all j, there exist elements v1, . . . ,v2m−2n ∈
g such that
(dxi(Xvk))(x) =
{
1 if k = i,
0 otherwise
and
(dyi(Xvk))(x) =
{
1 if k = m−n+ i,
0 otherwise
for i= 1, . . . ,m−n and k= 1, . . . ,2m−2n. By Lemma 4.5, there exist elements v′1, . . . ,v′2n−m ∈
gx such that
Xv′j =−y
′
j
∂
∂x′j
+ x′j
∂
∂y′j
for j = 1, . . . ,2n−m, where we represent Xv′j with the real coordinates xi,yi,x′j,y′j. We set
v′2n−m+ j =−
√−1v′j for j = 1, . . . ,2n−m. Then,
Xv′2n−m+ j = x
′
j
∂
∂x′j
+ y′j
∂
∂y′j
and hence we have
dx1∧dy1∧· · ·∧dxm−n∧dym−n∧dx′1∧dy′1∧· · ·∧dx′2n−m∧dy′2n−m
(Xv1,Xvm−n+1, . . . ,Xvm−n,Xv2m−2n,Xv′1,Xv′2n−m+1, . . . ,Xv′2n−m,Xv′4n−2m)
=
(−1)2n−m(2m−2n)!
2n!
|w1|2 · · · |w2n−m|2dx1∧dy1∧· · ·∧dxm−n∧dym−n
(Xv1,Xvm−n+1, . . . ,Xvm−n,Xv2m−2n).
Since the function
dx1∧dy1∧· · ·∧dxm−n∧dym−n(Xv1,Xvm−n+1, . . . ,Xvm−n,Xv2m−2n)
takes the value 1(2m−2n)! at x, it is not zero on an open subset U
′
x containing x. Thus,
the vectors Xv1(y), . . . ,Xv2m−2n(y),Xv′1(y), . . . ,Xv′4m−2n(y) are linearly independent over R for
y ∈ {y ∈U ′x | w j(y) 6= 0 for all j}. The lemma is proved. 
By Lemma 4.7, we have a decomposition
(4.3) gC = g⊕√−1gx⊕h
and
gM = g⊕√−1gx.
Now we are in a position to clarify the relation between (Gx)C and (GM)x. Remark that
(Gx)C can be regarded as a subgroup of (GM)x because (Gx)C acts on M effectively and
fixes x.
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Lemma 4.8. (Gx)C = (GM)x.
Proof. Let v ∈ gM satisfy exp(Xv)(x) = x. By Lemma 4.7, there exist unique v′ ∈ g and
v′′ ∈ gx such that v = v′+
√−1v′′. Since exp(Xv)(x) = x, exp(Xv′) ◦ exp(X√−1v′′)(x) = x.
Thus exp(Xv′)(x) = x. This together with Lemma 2.3 shows that v′ ∈ gx. Therefore v ∈
(gx)
C
. This shows that (Gx)C = (GM)x, proving the lemma. 
Now we can show the following which is an analogue of the slice theorem to our situa-
tion.
Proposition 4.9. Let ϕx : Ux →Dm−n×⊕2n−mj=1 Cα j be as in Lemma 4.5. Define ψ : GM×(Gx)C⊕2n−m
j=1 Cα j → N(G · x) to be
[g,w] 7→ g ·ϕ−1x (0,w).
Then, ψ is well-defined and a GM-equivariant biholomorphism.
Proof. Let ψ˜ : GM ×⊕2n−mj=1 Cα j → N(G · x) be the map defined by
(g,w) 7→ g ·ϕ−1x (0,w)
for g ∈ GM and w ∈⊕2n−mj=1 Cα j . By definition of ψ˜ , ψ˜ is GM-equivariant. To show the
well-definedness of ψ , it suffices to show that
ψ˜(1,w) = ψ˜(h,h−1 ·w)
for all h ∈ (Gx)C and w ∈⊕2n−mj=1 Cα j because ψ˜ is GM-equivariant. Since ϕx is (Gx)C-
equivariant,
ψ˜(h,h−1 ·w) = h ·ϕ−1x (0,h−1 ·w) = ϕ−1x (0,w) = ψ˜(1,w).
and hence ψ is well-defined.
Now we show that ψ˜ is surjective. To see this, we define a map pi : N(G · x)→ G · x to
be
y 7→ lim
t→−∞exp(tXv)(y),
where v is the element in gC defined by
v =
2n−m
∑
j=1
−√−1v′j and v′j’s are as in ( 4.1).
Clearly, pi is surjective and GM-equivariant. In particular, pi−1(G · x) = N(G · x). We will
show that pi−1(g · x) = ψ˜(g,⊕2n−mj=1 Cα j) for all g ∈ GM. Suppose that pi ◦ ψ˜(g,w) = x.
Then by definition of ψ˜ , pi(g ·ϕ−1x (0,w)) = x. Since pi is GM-equivariant, we have that x =
g ·pi(ϕ−1x (0,w)). Since ϕx is (Gx)C-equivariant biholomorphic map, we have that x = g · x
and hence g ∈ (Gx)C. Since ψ˜(g,w) = ψ˜(1,g ·w) for g ∈ (Gx)C, we have that pi−1(x) =
ψ˜(1,⊕2n−mj=1 Cα j). We shall show that g ·pi−1(x) = pi−1(g ·x) for g ∈GM. Take y ∈ pi−1(g ·
x). Since pi is GM-equivariant, pi(g−1 · y) = g−1 ·pi(y) = g−1g · x = x. This shows that g−1 ·
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y∈ pi−1(x). Thus, g−1 ·pi−1(g ·x)⊆ pi−1(x) and hence pi−1(g ·x)⊆ g ·pi−1(x). Conversely,
for y ∈ pi−1(x), pi(g · y) = g · pi(y) = g · x and hence pi−1(g · x) ⊇ g · pi−1(x). Therefore
pi−1(g · x) = g ·pi−1(x). This together with that pi−1(x) = ψ˜(1,⊕2n−mj=1 Cα j) shows that
pi−1(g · x) = g ·pi−1(x) = g · ψ˜
(
1,
2n−m⊕
j=1
Cα j
)
= ψ˜
(
g,
2n−m⊕
j=1
Cα j
)
for all g ∈ GM, showing that ψ˜ is surjective.
Now we show that if ψ˜(g1,w1) = ψ˜(g2,w2) then there exists h ∈ (Gx)C such that g2 =
g1h and w2 = h−1 · w1. Suppose that ψ˜(g1,w1) = ψ˜(g2,w2). Then, pi(ψ˜(g1,w1)) =
pi(ψ˜(g2,w2)). Thus, g1 · x = g2 · x and hence h := g−11 g2 ∈ (Gx)C. And we have that
ψ˜(g1,w1) = ψ˜(g1h,w2).
Since ψ˜ is GM-equivariant and h ∈ (Gx)C,
(4.4) ψ˜(1,w1) = g−11 · ψ˜(g1,w1) = g−11 · ψ˜(g1h,w2) = ψ˜(h,w2) = ψ˜(1,h ·w2).
By applying ϕx to ( 4.4), we have that w1 = h ·w2. Thus, w2 = h−1 ·w1. This together with
the well-definedness of ψ tells us that ψ˜ descends to a holomorphic injective map ψ .
Since ψ˜ is surjective GM-equivariant, so is ψ . So we have that ψ is a holomorphic
bijective map. Because an injective holomorphic map is a biholomorphic map into its
image, ψ is a GM-equivariant biholomorphism, proving the proposition. 
5. OBTAINING FANS AND THEIR CHARACTERIZATION
Let us recall our setting in Section 4; M is a compact connected manifold of complex
dimension n equipped with a maximal action of a compact torus G of real dimension m. For
such a manifold, we have shown that there exists a “nice” tubular neighborhood N(G · x)
of a minimal orbit G · x (see Proposition 4.9).
We set
N :=
⋃
G·x: minimal orbit
N(G · x).
By definition of N, N is a GM-invariant open dense submanifold of M because N contains
the open dense orbit of GM (we will show that N is the whole manifold M in Section 7).
For any subgroup G′ of G ⊂ GM , each connected component of fixed point set NG′ is a
complex submanifold of N because G′ is compact and its action preserves the complex
structure on N.
Definition 5.1. A characteristic submanifold N′ of N is a complex 1-codimensional con-
nected component of fixed points NGN′ for some 1-dimensional subtorus GN′ of G.
Remark 5.2. In case when m = 2n, M has no characteristic submanifold because G acts on
M simply transitively and hence M is a compact complex torus. In this case, all assertions
in this section are tautological or do not have any sense. From here until the end of this
section, we assume that m < 2n unless otherwise stated.
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To clarify the characteristic submanifolds, we shall see the isotropy subgroup at a point
in N(G · x). By Proposition 4.9, each N(G · x) is GM-equivariantly biholomorphic to
GM ×(Gx)C
2n−m⊕
j=1
Cα j .
For [g,(z1, . . . ,z2n−m)] ∈ GM ×GCx
⊕2m−n
j=1 Cα j and g′ ∈ G, if
g′ · [g,(z1, . . . ,z2m−n)] = [g,(z1, . . . ,z2m−n)]
then g′ should be an element of Gx. Suppose g′ ∈ Gx. Then,
g′ · [g,(z1, . . . ,z2n−m)] = [g,(α1(g′−1)z1, . . . ,α2m−n(g′−1)z2n−m)].
Therefore, the isotropy subgroup at [g,(z1, . . . ,z2n−m)] of G is
{g′ ∈ Gx | α j(g′) = 1 if z j 6= 0}.
Conversely, for any subgroup F of Gx, the fixed point set N(G · x)F is GM-equivariantly
biholomorphic to
{[g,(z1, . . . ,z2n−m)] | z j = 0 if there is some g′ ∈ F such that α j(g′) 6= 1}.
So N(G · x)F has complex codimension 1 if and only if α j|F = 1 for all j except one j0.
Recall that
⊕2m−n
j=1 Cα j ∼= TxM/Tx(G · x) is a faithful Gx-representation. Since
⊕2n−m
j=1 Cα j
is faithful, we have an isomorphism (α1, . . . ,α2n−m) : Gx → (S1)2n−m via
(α1, . . . ,α2n−m)(g) = (α1(g), . . . ,α2n−m(g)).
Now we suppose that the subgroup F is 1-dimensional subtorus of G and consider the codi-
mension of N(G · x)F . Let Tj be the j-th 1-dimensional coordinate subtorus of (S1)2n−m.
The observation above implies that N(G · x)F has complex codimention 1 if and only if
F = (α1, . . . ,α2n−m)−1(Tj)⊂ Gx ⊂ G for some j = 1, . . . ,2n−m. It turns out that N(G · x)
intersects exactly 2n−m characteristic submanifolds of N. It follows from the compact-
ness of M and Lemma 2.3 that there are at most finitely many characteristic submanifolds
of N.
Let N1, . . . ,Nk be the characteristic submanifolds of X and let Gi be the 1-dimensional
subtorus of G which fixes Ni pointwise for each i. We define a simplicial complex Σ on the
vertex set {1, . . . ,k} and vectors λi ∈ Hom(S1,G)⊂ g as follows. We set
Σ =
{
I ⊂ {1, . . . ,k} |
⋂
i∈I
Ni 6= /0
}
.
We assign a homomorphism λi : S1 → Gi to each characteristic submanifold Ni to be
(5.1) (λi(h))∗(v) = hv,
where v is any normal vector T N|Ni/T Ni and h ∈ S1.
Lemma 5.3. For each I ∈ Σ, (λi)i∈I is a part of a Z-basis of Hom(S1,G).
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Proof. Let I ∈ Σ. By definition of Σ, ⋂i∈I Ni is nonempty. Let p ∈⋂i∈I Ni. By definition of
N, there exists a minimal orbit G ·x such that N(G ·x)∋ p. Let ψ : GM×(Gx)C
⊕2n−m
j=1 Cα j →
N(G · x) be as in Proposition 4.9. By definition of λi, there exists an injection ρ : I →
{1, . . . ,2n−m} such that
(5.2) α j ◦λi(h) =
{
1 if ρ(i) 6= j,
h if ρ(i) = j.
Since (α1, . . . ,α2n−m) : Gx → (S1)2n−m is an isomorphism, (α1, . . . ,α2n−m) is a Z-basis of
Hom(Gx,S1). Thus, (λi)i∈I is a part of the dual basis of α1, . . . ,α2n−m and hence it is a
part of a Z-basis of Hom(S1,Gx). Since Gx is a subtorus of G, Hom(S1,Gx) is a direct
summand of Hom(S1,G). Therefore, (λi)i∈I is a part of Z-basis of Hom(S1,G), proving
the lemma. 
By Lemma 5.3, for each I ∈ Σ, the cone
CI := pos(λi | i ∈ I) :=
{
∑
i∈I
aiλi | ai ≥ 0
}
⊂ g
in g spanned by λi is nonsingular with respect to the lattice Hom(S1,G). We will see that
the collection ∆ = {CI | I ∈ Σ} of nonsingular cones becomes a fan later.
Remark 5.4. In case m = 2n, there is no characteristic submanifold and hence Σ = { /0} and
C/0 = {0}. Thus, ∆ is a fan consisting of only the origin {0} in g.
As well as toric varieties, Hausdorff-ness of N tells us that the collection ∆ of nonsingular
cones does not have overlaps, that is, ∆ is a fan. Let y be a point sitting in the free GM-orbit
in N. For each v ∈ g, we consider the curve
cvy : R→ N
that is given by
cvy(r) := exp(−rJXv)(y) for r ∈ R.
For each I ∈ Σ, we set
NI :=
⋂
i∈I
Ni,
N0I :=
⋂
i∈I
Ni \
⋃
j/∈I
N j
and
C0I :=
{
∑
i∈I
aiλi | ai > 0
}
⊂ g.
Lemma 5.5. The curve cvy(r) converges to a point in N0I as r approaches to −∞ if and only
if v ∈ C0I . Moreover, in this case the limit point q′ belongs to N(G · x) for every minimal
orbit G · x such that N(G · x)∩NI 6= /0.
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Proof. Suppose that v ∈ C0I . By definition of Σ, NI is nonempty. By renumbering char-
acteristic submanifolds, we may assume that I = {1, . . . , ℓ} without loss of generality.
Let G · x be a minimal orbit such that N(G · x) meets N1, . . . ,Nℓ. We also assume that
characteristic submanifolds Nℓ+1, . . . ,N2n−m also intersects with N(G · x). By Lemma 5.3,
λ1, . . . ,λ2n−m form a basis of Hom(S1,Gx) because dimGx = 2n−m. Let ψ : GM ×(Gx)C⊕2n−m
j=1 Cα j →N(G ·x) be as in Proposition 4.9. By renumbering α j’s, we may assume that
(α1, . . . ,α2n−m) is the dual basis of (λ1, . . . ,λ2n−m). Then,
ψ−1(N(G · x)∩N j) =
{
[g,w1, . . . ,w2n−m] ∈ GM ×(Gx)C
2n−m⊕
j=1
Cα j | w j = 0
}
and hence
ψ−1(N(G · x)∩N0I ) =
{
[g,w1, . . . ,w2n−m] | w j
{
= 0 for j = 1, . . . , ℓ,
6= 0 for j = ℓ+1, . . . ,2n−m
}
.
Suppose that ψ−1(y) is represented as
[g,y1, . . . ,y2n−m] ∈ GM ×(Gx)C
2n−m⊕
j=1
Cα j .
Then,
ψ−1(cvy(r)) = [−r
√−1v] · [g,y1, . . . ,y2n−m]
= [g− [r√−1v],y1, . . . ,y2n−m]
= [g,e2pir〈α1,v〉y1, . . . ,e2pir〈α2n−m,v〉y2n−m],
where [−√−1v]∈ (Gx)C=(gx)C/Hom(S1,Gx) denotes the equivalence class of−
√−1v∈√−1gx. Since v ∈ C0I , the pairing 〈α j,v〉 is positive for j = 1, . . . , ℓ and 0 for j = ℓ+
1, . . . ,2n−m. Since y sits in the free GM-orbit, y1, . . . ,y2n−m are not zero. Therefore,
lim
r→−∞ψ
−1(cvy(r)) = [g,0, . . . ,0,yℓ+1, . . . ,y2n−m]
and hence limr→−∞ cvy(r) ∈ N0I .
Suppose that the curve cvy(r) converges to a point y′ in N0I . Let G · x be a minimal
orbit such that N(G · x) contains y′. As before, we may assume that I = {1, . . . , ℓ} and the
characteristic submanifolds that meet N(G ·x) are exactly N1, . . . ,N2n−m. We also sort α j’s
so that α1, . . . ,α2n−m form the dual basis of λ1, . . . ,λ2n−m. We show that v should be in gx
first. Suppose that ψ−1(y′) is represented as
[g′,0, . . . ,0,y′ℓ+1, . . . ,y′2n+m] ∈ GM ×(Gx)C
2n−m⊕
j=1
Cα j .
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We consider the projection pi : GM ×(Gx)C
⊕2n−m
j=1 Cα j → GM/(Gx)C (this pi is essentially
the same as pi in the proof of Proposition 4.9). We have that
pi ◦ψ−1(exp(−rXv)(y′)) = [g′− [
√−1v]],
so
√−1v should be in (gx)C+ h. Otherwise, it contradicts the assumption that q′ is the
limit point. Since (gx)C+ h is a complex vector space,
√−1v ∈ (gx)C+ h implies that
v ∈ (gx)C+ h. For v ∈ g, it follows from the decomposition ( 4.3) and v ∈ (gx)C+ h that
v ∈ gx. Now we suppose that ψ−1(y) is represented as
[g,y1, . . . ,y2n−m] ∈ GM ×(Gx)C
2n−m⊕
j=1
Cα j
as before. Then, as we calculated before,
ψ−1(cvy(r)) = [g,e2pir〈α1,v〉y1, . . . ,e2pir〈α2n−m,v〉y2n−m].
Since cvy(r) converges to y′ as r approaches −∞,
lim
r→−∞[g,e
2pir〈α1,v〉y1, . . . ,e2pir〈α2n−m,v〉y2n−m] = [g′,0, . . . ,0,y′ℓ+1, . . . ,y′2n−m].
Thus, 〈α j,v〉 should be positive for j = 1, . . . , ℓ and 〈α j,v〉 should be 0 for j= ℓ+1, . . . ,2n−
m. This shows v ∈C0I , proving the lemma. 
Corollary 5.6. (1) For every I,J ∈ Σ, if I 6= J, then C0I ∩C0J = /0.
(2) For every I,J ∈ Σ,
CI ∩CJ =CI∩J.
(3) The collection of cones
∆ = {CI | I ∈ Σ}
which was introduced Lemma 5.3 below is a fan, that is, every face of every cone
in ∆ is itself in ∆, and the intersection of every two cones in ∆ is a common face.
Proof. Part (1) follows from Lemma 5.5 because the sets N0I are disjoint. Part (3) follows
from Part (2).
For Part (2), we only need to show the inclusion CI ∩CJ ⊆ CI∩J because the opposite
inclusion is trivial by definition of CI . Let v ∈CI ∩CJ . Let I′ ⊆ I and J′ ⊆ J be the subsets
such that v ∈C0I′ and v ∈C0J′ . Then v ∈C0I′ ∩C0J′ and hence I′ = J′ by Part (1). Therefore
v ∈C0I′ =C0J′ ⊆CI∩J, proving the corollary. 
Lemma 5.7. For every I ∈ Σ, the set NI is a complex submanifold of N of complex codi-
mension |I|, it is connected, and it contains a minimal orbit.
Proof. Fix I ∈ Σ.
Because each of the sets Ni, for i∈ I is closed in N, so is the intersection NI of these sets.
N is the union of open subsets N(G · x) and every intersection N(G · x)∩NI is a GM-
invariant complex submanifold of codimension I in N. It remains to show that NI is con-
nected and contains a minimal orbit.
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Choose any v ∈C0I (for example, we may take v = ∑i∈I λi), and choose any y in the free
GM-orbit in N. By Lemma 5.5, the curve cvy(r) converges as r →−∞; let y′ be its limit.
Also by Lemma 5.5, for every minimal orbit G ·x such that N(G ·x)∩NI 6= /0, the limit point
y′ belongs to N(G · x). Because NI is the union over such G · x of the subsets N(G · x)∩NI
by definition of N, and because each of these subsets is connected and contains y′, the
union NI is connected. Also, every minimal orbit G · x such that N(G · x)∩NI 6= /0 belongs
to N(G · x)∩NI ; because the set of such G · x’s is nonempty, NI contains a minimal orbit.
The lemma is proved. 
Corollary 5.8. In the fan ∆, every cone is contained in a 2n−m-dimensional cone.
Proof. Every cone in the fan ∆ has the form CI for some I ∈ Σ. By Lemma 5.7, the set NI
contains a minimal orbit; let G ·x be such a minimal orbit. As we saw in Lemma 5.3 above,
N(G · x) intersects exactly 2n−m characteristic submanifolds which contain G · x, say N j
for J ⊂ {1, . . . ,k} with |J| = 2n−m. Then J ∈ Σ, and CJ is a 2n−m-dimensional cone in
∆ that contains CI , proving the corollary. 
Now we consider the quotient map N → N/G and compose it with cvq. Then, we have a
curve
cvy : R→ N/G.
For v1,v2 ∈ g, it follows immediately that cv1y = cv2y if and only if v1−v2 ∈
√−1g+h. This
motivates us to define an R-linear map
J : g→ gM/g by J(v) = [√−1v],
where [
√−1v] ∈ gM/g denotes the equivalence class of √−1v ∈ gM . The kernel of J is
(
√−1g+h)∩g.
Lemma 5.9. Let J be as above.
(1) J sends a cone CI to a cone of the same dimension.
(2) The image of the fan ∆ by J is also a fan, that is, the collection of cones {J(CI) |
I ∈ Σ} is a fan in gM/g.
Proof. For Part (1), by the fact that J is R-linear and Corollary 5.8, we only need to show
that the cone J(CI) such that |I| = 2n−m has dimension 2n−m. Suppose |I| = 2n−
m. Then, NI is a minimal orbit because NI contains a minimal orbit by Lemma 5.7 and
dimNI = 2n− 2(2n−m) = 2m− 2n. Let x ∈ NI . Then, (λi)i∈I is a basis of gx over R
(see Lemma 5.3). Since the cone CI is spanned by λi for i ∈ I, it suffices to show that the
restriction J|gx is injective. Since gM = g⊕
√−1gx by the decomposition ( 4.3), J|gx is an
isomorphism, proving Part (1).
Suppose that J(C0I )∩ J(C0J ) 6= /0 and I 6= J. Then, there exist vectors u ∈C0I and v ∈C0J
such that J(u) = J(v), that is, u− v ∈ √−1g. Since u− v ∈ √−1g, the curves cuy(r) and
cvy(r) coincide. Since the curves cuy(r) and cvy(r) converge to points in N0I and N0J as r
approaches −∞ respectively by Lemma 5.5 and N/G is Hausdorff by the compactness of
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G, the curves cuy(r) and cvy(r) also converge to points in N0I /G and N0J /G respectively. This
contradicts the fact that the curve cuy(r) coincides with cvy(r). Therefore J(C0I )∩ J(C0J ) = /0
for I 6= J. Using the same argument as in the proof of Corollary 5.6, Part (2) is proved. 
Lemma 5.10. The fan J(∆) := {J(CI) | I ∈ Σ} is a complete fan in gM/g.
We will deduce Lemma 5.10 from the compactness of M. We begin with proving a
special case:
Lemma 5.11. Let M′ be a compact connected complex manifold of real dimension 2n
equipped with a maximal action of a compact torus G′ of dimension 2n− 1. Then, M′
consists of exactly two minimal orbits and one free G′M′-orbit.
Proof. M′ contains exactly one free G′M′-orbit by Lemma 4.6.
Since M′ is a complex manifold, M′ is orientable. Consider the dimension of each orbit
G′ · x. By the inequality ( 2.3),
2(2n−1)−2n = 2n−2 ≤ dimG′ · x.
Since dimG′ = 2n−1, we have that dimG′ · x = 2n−2 or 2n−1.
In case when dimG′ ·x= 2n−1, the orbit G′M′ ·x has dimension 2n= dimM′. Therefore,
x is contained in the free G′M′-orbit. In case when dimG′ · x = 2n−2, the orbit G′ · x is a
minimal orbit.
The quotient M′/G′ is a real 1-manifold with boundary; its boundary is exactly the image
of the minimal orbits by the quotient map. Because M′ is compact and contains at least
one minimal orbit, and by the classification of 1-manifolds, the quotient M′/G′ must be a
closed segment. Because a closed segment has the boundary which consists of exactly 2
distinct points, M′ contains exactly 2 minimal orbits, proving the lemma. 
Lemma 5.12. Every 2n−m−1-dimensional cone in ∆ is contained in exactly two 2n−m-
dimensional cones in ∆.
Proof. Let CI be a 2n−m−1-dimensional cone in ∆. Let GI be the subtorus of G that is
generated by the circles Gi for i ∈ I. By definition of GI, dimGI = 2n−m−1. By Lemma
5.7, NI is a connected complex manifold of complex dimension m−n+1, equipped with
an effective action of the compact torus G/GI of dimension 2m−2n+1, which preserves
the complex structure on NI . We will now show that NI is compact, and will deduce Lemma
5.12 from Lemma 5.11.
First note that NI is a connected component of the fixed point set of GI in N. This follows
from the facts that NI is connected by Lemma 5.7 and that, for each of the subsets N(G ·x),
if N(G ·x)∩NI 6= 0 then it is a connected component of the fixed point set of GI in N(G ·x).
Let MI denote the connected component of the fixed point set of GI in M that contains NI.
By definition, MI is a complex manifold equipped with an effective action of the compact
torus G/GI which preserves the complex structure on MI . By Lemma 5.7, NI contains a
minimal orbit G ·x with respect to the action of G on M. Since dimG ·x = 2dimG−dimM,
dimG · x = 2dimG/GI − dimMI and hence the action of G/GI on MI is maximal. By
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Lemma 5.11, MI contains exactly two minimal orbits, say G · x and G · x′. The intersection
N(G ·x)∩MI, being a GM-invariant tubular neighborhood of G ·x, must be all of MI \G ·x′,
because MI consists of three GM-orbits by Lemma 5.11. Similarly, N(G · x′)∩MI is all of
MI \G · x. This implies that NI = MI.
NI contains exactly two minimal orbits G · x and G · x′. The minimal orbit G · x (respec-
tively, G · x′) is the intersection of exactly 2n−m characteristic submanifolds Ni for i ∈ I
and Ni0 for some i0 /∈ I (respectively, i1 /∈ I). Therefore, I∪{i0} ∈ Σ and I∪{i1} ∈ Σ and
hence CI ⊂CI∪{i0} ∈ ∆ and CI ⊂CI∪{i1} ∈ ∆. The lemma is proved. 
Now we are ready to prove Lemma 5.10.
Proof of Lemma 5.10. Let |J(∆)| denote the union of the cones in J(∆) := {J(CI) | I ∈ Σ},
and let |J(∆)2n−m−2| denote the union of the cones in J(∆) that have codimension≥ 2. The
complement gM/g\ |J(∆)2n−m−2| is connected, open and dense in gM/g.
By Lemma 5.12, the union of the relative interiors of the cones of J(∆) of dimension
2n−m and of 2n−m− 1 is open in gM/g. The union is |J(∆)| \ |J(∆)2n−m−2|. Thus,
|J(∆)| \ |J(∆)2n−m−2| is also open in gM/g\ |J(∆)2n−m−2|.
But because |J(∆)| is closed in gM/g, we also have that |J(∆)| \ |J(∆)2n−m−2| is closed
in gM/g\ |J(∆)2n−m−2|.
Because |J(∆)| \ |J(∆)2n−m−2| is open and closed in gM/g \ |J(∆)2n−m−2| and gM/g \
|J(∆)2n−m−2| is connected, we have that |J(∆)| \ |J(∆)2n−m−2| is either empty or is equal
to all of gM/g\ |J(∆)2n−m−2|.
Because, by assumption, M has a minimal orbit, ∆ has at least one 2n−m-dimensional
cone, J(∆) has at least one 2n−m-dimensional cone, so |J(∆)|\ |J(∆)2n−m−2| is not empty.
So |J(∆)| \ |J(∆)2n−m−2| is equal to all of gM/g \ |J(∆)2n−m−2|. Taking the closures in
gM/g, we deduce that |J(∆)|= gM/g, as required. 
Using J, we can characterize the fan ∆ and the Lie subalgebra h. We have two short
exact sequences and one projection:
0 // h   //

gC //
p

gM //

0
0 // kerJ   // g
J
// gM/g // 0,
where the surjection gC→ gM is induced by the quotient map GC→ GM = GC/ZGC and
p : gC→ g is the first projection gC = g⊕√−1g→ g. In order to make the diagram above
commute, we define p′ : gM → gM/g by p′(v) = [√−1v], where [√−1v] ∈ gM/g denotes
the equivalence class of
√−1v ∈ gM . Then, the square of the right side of the diagram
becomes commutative. So we have that p(h) ⊆ kerJ. Therefore, we have the following
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commutative diagram
0 // h   //
p|h

gC //
p

gM //
p′

0
0 // kerJ   // g
J
// gM/g // 0.
Lemma 5.13. The map p|h : h→ kerJ is an isomorphism. In particular, p|h is injective.
Proof. By the snake lemma, we have an exact sequence
0 → ker(p|h)→ ker p → ker p′→ coker(p|h)→ coker p = 0
because p is surjective. In order to show that p|h is an isomorphism, it suffices to show that
the map ker p → ker p′ is an isomorphism. By definition of p and p′, ker p =√−1g ⊂ gC
and ker p′ =
√−1g⊂ gM. By the decompositions ( 4.3), we have that gC =√−1g⊕gx⊕h
and gM =
√−1g⊕ gx. Since the quotient map gC → gM kills only the factor of h, its
restriction ker p → ker p′ is an isomorphism. The lemma is proved. 
Corollary 5.14. Let q : g→ g/p(h) be the quotient map. Then, the collection q(∆) :=
{q(CI) | I ∈ Σ} of cones is a complete fan in g/p(h).
Proof. By the group homomorphism theorem, the surjective map J : g→ gM/g descends
to the isomorphism J : g/kerJ → gM/g. Since p(h) = kerJ by Lemma 5.13, the vector
space g/kerJ is exactly g/p(h). By the fact that the quotient map q : g→ g/p(h) coincides
with the composition
(
J
)−1 ◦ J and by Lemma 5.10, we have that q(∆) is a complete fan
in g/p(h), as required. 
6. TRANSITION FUNCTIONS AND PRINCIPAL BUNDLES
Let M be a compact connected complex manifold of complex dimension n equipped with
a maximal action of a compact torus G of real dimension m, which preserves the complex
structure on M. For such a manifold, we defined a GM-invariant open dense submanifold
N =
⋃
G·x
N(G · x)
of M in Section 5. Let N1, . . . ,Nk be the characteristic submanifolds of N. Since each
minimal orbit G ·x meets exactly 2n−m characteristic submanifold Ni for i∈ I, |I|= 2n−m
and NI =
⋂
i∈I Ni is connected by Lemma 5.7, G · x = NI for some I ∈ Σ, |I| = 2n−m.
Conversely, NI for I ∈ Σ, |I|= 2n−m is a minimal orbit in N. For each I ∈ Σ, we set
UI :=
N(G · x) if NI = G · x, that is, |I|= 2n−m,⋂
I⊂I′∈Σ,|I′|=2n−m
UI′ otherwise.
By definition of UI’s, UI ⊆UJ if and only if I ⊆ J.
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By Proposition 4.9, there exists a GM-equivariantly biholomorphism
ψ : GM ×(Gx)C
2n−m⊕
j=1
Cα j → N(G · x),
where each Cα j is a 1-dimensional representation of (Gx)C.
Let GI be the subtorus of G generated by Gi, i ∈ I. Let λi be as ( 5.1). Then, (λi)i∈I is
a Z-basis of Hom(S1,GI) (see Lemma 5.3). Let (α Ii )i∈I be the dual basis of (λi)i∈I. By
definition of λi, each α j should be one of α Ii , i ∈ I. So we may replace the domain of
definition and the range of ψ by
GM ×(GI)C
⊕
i∈I
Cα Ii
→UI
if |I|= 2n−m. Let y be a point in the free GM-orbit on N. By scaling ψ with an element
of GM , we may assume that
ψ−1(y) = [1,(1)i∈I],
where (1)i∈I denotes the point in
⊕
i∈ICα Ii whose all coordinates are 1.
Now we fix the point y sitting in the free GM-orbit on N. For each I ∈ Σ such that
|I|= 2n−m, we have a GM-equivariant biholomorphism
ψI : GM ×(GI)C
⊕
i∈I
Cα Ii
→UI
such that ψ([1,(1)i∈I])= y. For arbitrary J ∈Σ, we want to construct such a GM-equivariant
biholmorphism ψJ whose range is UJ . We begin with the following lemma.
Lemma 6.1. Let I ∈ Σ, |I|= 2n−m. Let I′ ⊂ I. Then, the preimage of UI′ by ψI is
{[g,(zi)i∈I] ∈ GM ×(GI)C
⊕
i∈I
Cα Ii
| zi 6= 0 for i /∈ I′}.
Proof. By definition of UI′ and N0I′ , N0I′ ∩UI′ 6= /0. Let p be a point in N0I′ ∩UI′ and let
ψ−1I (p) denote
[g′,(z′i)i∈I] ∈ GM ×(GI)C
⊕
i∈I
Cα Ii
.
Since p ∈ N0I′ ∩UI′ , z′i = 0 for i ∈ I′. Since UI′ is a GM-invariant open subset of UI , we have
that
ψ−1I (UI′)⊇
{
[g,(zi)i∈I] ∈ GM ×(GI)C
⊕
i∈I
Cα Ii
| zi 6= 0 for i /∈ I′
}
.
Conversely, for I ∈ Σ with |I|= 2n−m, NJ ∩UI 6= /0 if and only if J ⊆ I. Since J(∆) is
complete by Lemma 5.10, Σ is a sphere triangulation such that the link of each simplex is
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also a sphere triangulation. Since linkΣ I′ is a sphere triangulation, there is no vertex { j} in
linkΣ I′ such that { j} intersects all simplices in linkΣ I′. Therefore, the intersection⋂
I∈Σ,|I|=2n−m,I′⊂I
I
is exactly I′. By definition of UI′ and the fact that NJ ∩UI 6= /0 if and only if J ⊆ I for I ∈ Σ
with |I|= 2n−m, we have that UI′ ∩NJ 6= /0 if and only if J ⊆ I′. This means that
(6.1) UI \
⋃
i/∈I′
Ni ⊇UI′.
Applying ψ−1I to ( 6.1), we have the opposite inclusion
ψ−1I (UI′)⊆
{
[g,(zi)i∈I] ∈ GM ×(GI)C
⊕
i∈I
Cα Ii
| zi 6= 0 for i /∈ I′
}
,
proving the lemma. 
Lemma 6.2. Let I ∈ Σ, |I|= 2n−m. Let I′ ⊂ I. The open subset{
[g,(zi)i∈I] ∈ GM ×(GI)C
⊕
i∈I
Cα Ii
| zi 6= 0 for i /∈ I′
}
of GM ×(GI)C
⊕
i∈ICα Ii is G
M
-equivariantly biholomorphic to
GM ×(GI′ )C
⊕
i∈I′
C
α I
′
i
.
Proof. Define a map
ΘI′,I :
{
(g,(zi)i∈I) ∈ GM ×
⊕
i∈I
Cα Ii
| zi 6= 0 for i /∈ I′
}
→GM ×
⊕
i∈I′
C
α I
′
i
by
ΘI′,I(g,(zi)i∈I) :=
(
g ∏
i∈I\I′
λi(zi),(zi)i∈I′
)
.
The map ΘI′,I descends to a GM-equivariant holomorphic map
θI′,I :
{
[g,(zi)i∈I] ∈ GM ×(GI)C
⊕
i∈I
Cα Ii
| zi 6= 0 for i /∈ I′
}
→ GM ×(GI′ )C
⊕
i∈I′
C
α I
′
i
defined by θI′,I([g,(zi)i∈I]) = [g∏i∈I\I′ λi(zi),(zi)i∈I′]. θI′,I is well-defined because [g,(zi)i∈I] =
[g∏i∈I\I′ λi(zi),(wi)i∈I], where
wi =
{
zi if i ∈ I′,
1 otherwise.
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Define another map
ΞI′,I : GM ×
⊕
i∈I′
C
α I
′
i
→
{
(g,(zi)i∈I) ∈ GM ×
⊕
i∈I
Cα Ii
| zi 6= 0 for i /∈ I′
}
by Ξi′,I(g,(zi)i∈I′) := (g,(wi)i∈I), where wi’s are as above. We claim that the map ΞI′,I also
descends to a GM-equivariant holomorphic map
ξI′,I : GM ×(GI′ )C
⊕
i∈I′
C
α I
′
i
→
{
[g,(zi)i∈I] ∈ GM ×(GI)C
⊕
i∈I
Cα Ii
| zi 6= 0 for i /∈ I′
}
defined by ξI′,I([g,(zi)i∈I′]) = [g,(wi)i∈I]. To see the well-definedness, take any element
h ∈ (GI′)C. Since (λi)i∈I′ is the Z-basis of Hom(S1,GI′)⊂ Hom(S1,GI) and α Ii is the dual
basis of (λi)i∈I,
α Ii (h) =
{
α I
′
i (h) if i ∈ I′,
1 if i ∈ I \ I′.
Thus, by direct computation,
ΞI′,I(gh,(α I
′
i (h)−1zi)i∈I′) = (gh,α Ii (h)−1wi)i∈I.
So ξI′,I is well-defined.
It follows from direct computation that both compositions θI′,I ◦ ξI′,I and ξI′,I ◦θI′,I are
the identities. Therefore θI′,I is a GM-equivariant biholomorphic map, as required. 
Let I′ ⊂ I ∈ Σ such that |I|= 2n−m. By Lemmas 6.1 and 6.2, the composition
ψ−1I′ := θI′,I ◦ψI : UI′ → GM ×(GI′ )C
⊕
i∈I′
C
α I
′
i
is a GM-equivariant biholomorphism such that ψ−1I′ (q) = [1,(1)i∈I′], where q is the point
in the free GM-orbit which we fixed. ψ−1I′ does not depend on the choice of I ∈ Σ with
|I|= 2n−m; because ψ−1I′ (y) determines the values of all points in the free GM-orbit and
the free GM-orbit is open dense in N.
For every I ∈ Σ, now we have a GM-equivariant biholomorphism
ψ−1I : UI →GM ×(GI)C
⊕
i∈I
Cα Ii
such that ψ−1I (y) = [1,(1)i∈I]. If J ⊆ I ∈ Σ, then UJ ⊆UI and the composition
ψ−1I ◦ψJ : GM ×(GJ)C
⊕
i∈J
CαJi
→ GM ×(GI)C
⊕
i∈I
Cα Ii
is a GM-equivariant open inclusion. We represent this explicitly for later use.
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Lemma 6.3.
ψ−1I ◦ψJ([g,(zi)i∈J]) = [g,(wi)i∈I],
where
wi =
{
zi if i ∈ J,
1 otherwise.
Proof. First, we check the well-definedness of the mapping. Let h ∈ (GJ)C. Then, as well
as the proof of Lemma 6.2,
[g,(wi)i∈I] = [gh,(α Ii (h)−1wi)i∈I] = [gh,(w′i)i∈I],
where
w′i =
{
αJi (h)−1zi if i ∈ J,
1 otherwise
because
α Ii (h) =
{
αJi (h) if i ∈ J,
1 if i ∈ I \ J.
Therefore the mapping is well-defined.
Clearly, the mapping is GM-equivariant. Since ψ−1I ◦ψJ([1,(1)i∈J]) = [1,(1)i∈I] and a
GM-equivariant map GM ×(GJ)C
⊕
i∈JCαJi → G
M ×(GI)C
⊕
i∈ICα Ii such that [1,(1)i∈J] 7→
[1,(1)i∈I] is unique because GM · [1,(1)i∈J] is dense, ψ−1I ◦ψJ is of the form as in Lemma
6.3, proving the lemma. 
Now we can reconstruct N from GM ×(GI)C
⊕
i∈ICα Ii for all I ∈ Σ. We consider the
quotient space
(6.2)
⊔
I∈Σ
(
GM ×(GI)C
⊕
i∈I
Cα Ii
)
/∼
of the disjoint union of GM ×(GI)C
⊕
i∈ICα Ii for all I ∈ Σ, where ∼ is the equivalence
relation generated by the following:
For J ⊆ I and [g,(zi)∈J] ∈ GM ×(GJ)C
⊕
i∈JCαJi ,
[g,(zi)i∈J]∼ [g,(wi)i∈I] ∈ GM ×(GI)C
⊕
i∈I
Cα Ii
,
where
wi =
{
zi if i ∈ J,
1 otherwise.
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It follows from Lemma 6.3 that the quotient space
⊔
I∈I
(
GM ×(GI)C
⊕
i∈ICα Ii
)
/∼ is GM-
equivariantly biholomorphic to N.
Thanks to this gluing reconstruction of N, we can construct a GC-equivariant principal
ZGC-bundle over N whose total space is a toric variety. Since GM = GC/ZGC by definition,
we have a GC-equivariant principal ZGC-bundle
GC×(GI)C
⊕
i∈I
Cα Ii
→GM ×(GI)C
⊕
i∈I
Cα Ii
for all I ∈ Σ.
Lemma 6.4. The total space is an affine toric variety corresponding to the cone CI ∈ ∆.
Proof. Let ˇCI be the dual cone of CI and let SI denote the semigroup ˇCI ∩Hom(G,S1).
Recall that the affine toric variety corresponding to CI is the set Hom(SI,(C,×)) of all
semigroup homomorphisms. Hom(SI,(C,×)) is regarded as an affine variety whose coor-
dinate ring is C[SI]. Let [g,(zi)i∈I] ∈ GC×(GI)C
⊕
i∈ICα Ii . For α ∈ SI ⊆ Hom(G,S
1)⊆ g∗,
〈α,λi〉 is a nonnegatibe integer. Hence we have a map
θ : GC×(GI)C
⊕
i∈I
Cα Ii
→ Hom(SI,(C,×))
given by
(θ([g,(zi)i∈I]))(α) = α(g)∏
i∈I
z
〈α,λi〉
i .
Let αi ∈ SI for i∈ I satisfy that αi|GI =α Ii ∈Hom(GI,S1). Let β1, . . . ,βm−|I| be a Z-basis
os SI ∩ (−SI) ⊆ Hom(G,S1). Then, (αi)i∈I,β1, . . . ,βm−|I| form a Z-basis of Hom(G,S1).
Since
〈α j,λi〉=
{
0 if j 6= i,
1 if j = i
and 〈β j,λi〉 = 0 for all i ∈ I and j = 1, . . . ,m− |I|, there exist elements µ1, . . . ,µm−|I| ∈
Hom(S1,G) such that (λi)i∈I,µ1, . . . ,µm−|I| form the dual basis of (αi)i∈I,β1, . . . ,βm−|I|.
We claim that, for any ψ ∈ Hom(SI,(C,×)),
ξ (ψ) :=
[
m−|I|
∏
j=1
µ j(ψ(β j)),(ψ(αi))i∈I
]
∈ GC×(GI)C
⊕
i∈I
Cα Ii
satisfies that θ(ξ (ψ)) = ψ and ξ (θ([g,(zi)i∈I])) = [g,(zi)i∈I]. Since (αi)i∈I,β1, . . . ,βm−|I|
are the dual basis of (λi)i∈I,µ1, . . . ,µm−|I|,
αk
(
m−|I|
∏
j=1
µ j(ψ(β j))
)
∏
i∈I
(ψ(αi))〈αk,λi〉 = ψ(αk)
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for k ∈ I and
βk
(
m−|I|
∏
j=1
µ j(ψ(β j))
)
∏
i∈I
(ψ(αi))〈βk,λi〉 = ψ(βk)
for k = 1, . . . ,m−|I|, showing that θ(ξ (ψ)) = ψ . For [g,(zi)i∈i] ∈ GC×(GI)C
⊕
i∈ICα Ii ,
ξ (θ([g,(zi)i∈i])) =
[
m−|I|
∏
j=1
µ j(β j(g)∏
i∈I
z
〈β j,λi〉
i ),(αi(g)∏
j∈I
z
〈αi,λ j〉
j )i∈I
]
=
[
m−|I|
∏
j=1
µ j(β j(g)),(αi(g)zi)i∈I
]
=
[
∏
i∈I
λi(αi(g))
m−|I|
∏
j=1
µ j(β j(g)),(zi)i∈I
]
= [g,(zi)i∈I]
because (αi)i∈I,β1, . . . ,βm−|I| are the dual basis of (λi)i∈I,µ1, . . . ,µm−|I|, showing that
ξ (θ([g,(zi)i∈I])) = [g,(zi)i∈I]. Clearly, both θ and ξ are holomorphic and GC-equivariant.
Therefore, these computations show that ξ and θ are equivariant biholomorphic maps and
hence GC×(GI)C
⊕
i∈ICα Ii is an affine toric variety corresponding to the cone CI , proving
the lemma. 
If a cone CJ ∈ ∆ is a face of a cone CI ∈ ∆, the inclusion CJ ⊂CI induces an equivariant
open embedding of the affine toric variety corresponding to CJ into the affine toric variety
corresponding to CI . By Lemma 6.4, both toric varieties are biholomorphic to
GC×(GJ)C
⊕
j∈J
CαJj
and GC×(GJ)C
⊕
i∈I
Cα Ii
.
Lemma 6.5. The open embedding
ψ˜−1I ◦ ψ˜J : GC×(GJ)C
⊕
j∈J
CαJj
→ GC×(GI)C
⊕
i∈I
Cα Ii
is given by
ψ˜−1I ◦ ψ˜J([g,(z j) j∈J]) = [g,(w j) j∈I],
where
wi =
{
zi if i ∈ J,
1 otherwise.
Proof. An almost same argument as the proof of Lemma 6.3 works. We omit the detail. 
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By the construction of toric variety associated with ∆ and by Lemma 6.5, we have a toric
variety as a quotient space
(6.3) X(∆) :=
⊔
I∈Σ
GC×(GI)C
⊕
i∈I
Cα Ii
/≈,
where ≈ is the equivalence relation generated by the following:
For J ⊆ I and [g,(zi)∈J] ∈ GC×(GJ)C
⊕
i∈JCαJi ,
[g,(zi)i∈J]≈ [g,(wi)i∈I] ∈ GC×(GI)C
⊕
i∈I
Cα Ii
,
where
wi =
{
zi if i ∈ J,
1 otherwise.
By comparing the equivalence relation ∼ (see ( 6.2)) with ≈ (see ( 6.3)), we have the
following lemma.
Lemma 6.6. There exists a GC-equivariant principal ZGC-bundle
X(∆)→ N,
where X(∆) denotes the toric variety associated with ∆.
Corollary 6.7. N is GM-equivariantly biholomorphic to X(∆)/ZGC.
Proof. The corollary follows from Lemma 6.6 immediately. 
7. QUOTIENTS OF NONSINGULAR TORIC VARIETIES
Let M be a compact connected complex manifold of complex dimension n, equipped
with a maximal action of a compact torus G of dimension m which preserves the complex
structure on M. So far, we defined a GM-invariant open submanifold N and assigned a non-
singular fan ∆ to N in Section 5. The fan ∆ and the Lie algebra h of the global stabilizers
ZGC of the complexified action of GC on M were characterized by Lemma 5.13 and Corol-
lary 5.14. We saw that N is GM-equivariantly biholomorphic to X(∆)/ZGC in Corollary
6.7.
In this section, we give an inverse correspondence, that is, for a triple (∆,h,G) of a
nonsingular fan ∆ in the Lie algebra g of G, a Lie subalgebra h of gC and a compact torus
G, which satisfies certain conditions, we construct a compact complex manifold equipped
with a maximal action of a compact torus which preserves the complex structure of the
manifold.
As before, we denote by G a compact torus, by g the Lie algebra of G, by gC the com-
plexification g⊗RC∼= g⊕
√−1g, and by GC the complex Lie group gC/Hom(S1,G).
Lemma 7.1. Let h be a complex subspace of gC and let p : gC→ g be the projection. Sup-
pose that p|h is injective. Then, the image exp(h) of h by the exponential map exp: gC→
GC is closed in GC.
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Proof. Let p′ : gC ∼= g⊕√−1g→√−1g be the 2nd projection. We see the injectivity of
p′|h first. Let u+
√−1v ∈ h such that p′(u+√−1v) = 0, where we represent the element
u+
√−1v ∈ h with u,v ∈ g. Since p′(u+√−1v) = 0, v = 0 and hence u ∈ h. Since h is a
complex subspace,
√−1u is also an element in h. Applying the first projection p, we have
u = 0 because p|h is injective. Therefore, u+
√−1v ∈ h should be 0. So p′|h is injective.
Thus, there exists an R-linear isomorphism
s : p′(h)→ h
such that the composition p′ ◦ s is the identity. Since gC = g⊕√−1g, we have
h= {p◦ s(√−1v)+√−1v ∈ g⊕√−1g | √−1v ∈ p′(h)}.
By definition of GC, GC can be identified with G×√−1g. Under this identification,
exp(h) = {(g,√−1v) ∈ G×√−1g | g = exp(p◦ s(√−1v)),√−1v ∈ p′(h)}.
Since p′(h) is closed in
√−1g and hence in GC, and the mapping (g,√−1v) 7→ g · exp(p◦
s(
√−1v))−1 is continuous, exp(h) is closed in GC, as required. 
Let h and p : gC→ g be as Lemma 7.1. Assume that p|h is injective. By Lemma 7.1, the
image of h by the exponential map is closed. We denote it by H. H is a complex connected
Lie subgroup of GC.
Let ∆ be a nonsingular fan in g and let λ1, . . . ,λk ∈ Hom(S1,G) be the primitive ele-
ments such that each λi generates a 1-dimensional cone in ∆. Define an abstract simplicial
complex
Σ := {I ⊆ {1, . . . ,k} |CI = pos(λi | i ∈ I) ∈ ∆}.
For each I ∈ Σ, we set the subspace
gI :=
{
∑
i∈I
aiλi | ai ∈ R
}
of g which is generated by λi for i ∈ I. Let GI be the subtorus of G whose Lie algebra is
gI . Since ∆ is nonsingular, λi for i ∈ I form a basis of Hom(S1,GI). Let α Ii ∈ Hom(GI,S1)
denote the dual basis of λi for i∈ I. Then, by Lemma 6.4, the affine toric variety associated
with CI is GC-equivariantly biholomorphic to
GC×(GI)C
⊕
i∈I
Cα Ii
.
Lemma 7.2. Let q : g→ g/p(h) be the quotient map. Let I ∈ Σ. Suppose that q(λi) for
i ∈ I are linearly independent. Then, the action of GC restricted to H on the affine toric
variety associated with the cone CI is free.
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Proof. It suffices to show that H ∩ (GI)C = {1} by Lemma 6.4. Since H and (GI)C are
connected and abelian, the exponential maps are surjective. Let u +√−1v ∈ h, where
u ∈ p(h) and √−1v∈ p′(h). By definition of (gI)C, any element in (gI)C can be written as
∑
i∈I
(aiλi +
√−1biλi)
for some ai,bi ∈ R. Suppose that
exp(u+
√−1v) = exp
(
∑
i∈I
(aiλi +
√−1biλi)
)
.
Then,
u−∑
i∈I
aiλi +
√−1
(
v−∑
i∈I
biλ i
)
∈ Hom(S1,G).
Therefore,
v = ∑
i∈I
biλ i.
Since h is a complex subspace of gC, v−√−1u is also an element in h. Thus,
(7.1) ∑
i∈I
biλi ∈ p(h).
Applying q to ( 7.1) and by the assumption that q(λi) for i ∈ I are linearly independent, we
have that bi = 0 for all i∈ I. Therefore v= 0. So u∈ h and
√−1u∈ h. Since p|h is injective,
u= 0. Therefore exp(∑i∈I aiλi+
√−1biλi)∈H implies that exp(∑i∈I aiλi+
√−1biλi)= 1.
This shows that H ∩ (GI)C = {1}, proving the lemma. 
Lemmas 7.1 and 7.2 tell us that the quotient of the affine toric variety associated with CI
by H is biholomorphic to a complex manifold
(GC/H)×(GI)C
⊕
i∈I
Cα Ii
if q(λi) for i ∈ I are linearly independent. Now we consider the quotient space X(∆)/H
of the nonsingular toric variety associated with ∆ by H. In order to deduce the Hausdorff-
ness and the compactness of X(∆)/H from conditions on q(∆), we prepare a locally defined
continuous function.
Lemma 7.3. Let ξ ∈ (g/p(h))∗ such that 〈ξ ,q(λi)〉 ≥ 0 for all i∈ I. The function f Iξ : gC×⊕
i∈ICα Ii → [0,∞) defined by
f Iξ (u+
√−1v,(zi)i∈I) := e−2pi〈ξ ,q(v)〉∏
i∈I
|zi|〈ξ ,q(λi)〉
descends to a continuous function f Iξ : (GC/H)×(GI)C
⊕
i∈ICα Ii → [0,∞).
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Proof. It suffices to show the well-definedness of f Iξ because the continuity of f Iξ and f Iξ
are obvious.
Clearly, f Iξ is invariant under the translation by elements in g. In particular, it is invariant
under the translation by elements in Hom(S1,G). Let u′+
√−1v′ ∈ h, where u′,v′ ∈ g.
Then, v′ ∈ p(h) because v′−√−1u′ ∈ h. Thus,
f Iξ (u+u′+
√−1(v+ v′),(zi)i∈I) = e−2pi〈ξ ,q(v+v′)〉∏
i∈I
|zi|〈ξ ,q(λi)〉
= e−2pi〈ξ ,q(v)〉∏
i∈I
|zi|〈ξ ,q(λi)〉
= f Iξ (u+
√−1v,(zi)i∈I).
Let u′′+
√−1v′′ ∈ (gI)C, where u′′,v′′ ∈ gI . Then,
f Iξ (u+u′′+
√−1(v+ v′′),(α Ii (exp(u′′+
√−1v′′))−1zi)i∈I)
= e−2pi〈ξ ,q(v+v′′)〉∏
i∈I
|e2pi〈α Ii ,v′′〉zi|〈ξ ,q(λi)〉
= e2pi〈ξ ,−q(v′′)+∑i∈I〈α Ii ,v′′〉q(λi)〉 f Ii (u+
√−1v,(zi)i∈I).
Since λi for i ∈ I form a basis of Hom(S1,GI) ⊂ gI and α Ii for i ∈ I are the dual basis,
v′′ = ∑i∈I〈α Ii ,v′′〉λi. So the exponent 2pi〈ξ ,−q(v′′)+∑i∈I〈α Ii ,v′′〉q(λi)〉= 0 and hence
f Iξ (u+u′′+
√−1(v+ v′′),(α Ii (exp(u′′+
√−1v′′))−1zi)i∈I)
= f Ii (u+
√−1v,(zi)i∈I).
Therefore f Iξ descends to f Iξ , as required. 
For ξ ∈ (g/p(h))∗, we define a subfan ∆+ξ of ∆ to be
∆+ξ := {CI = pos(λi | i ∈ I) ∈ ∆ | 〈ξ ,q(λi)〉 ≥ 0 for all i ∈ I}.
We also define ∆−ξ to be ∆
+
−ξ . Then, the union ∆ξ of these subfans ∆
+
ξ and ∆
−
ξ , and the
intersection ∆0ξ of ∆
+
ξ and ∆
−
ξ are also subfans of ∆.
The toric variety X(∆) associated with the fan ∆ is GC-equivariantly biholomorphic to
the quotient space as ( 6.3). Hence the quotient space X(∆)/H is
X(∆)/H =
⊔
I∈Σ
(GC/H)×(GI)C
⊕
i∈I
Cα Ii
/∼,
where ∼ is the equivalence relation generated by the following:
For J ⊆ I and [g,(zi)i∈J] ∈ (GC/H)×(GJ)C
⊕
i∈JCαJi ,
[g,(zi)i∈J]∼ [g,(wi)i∈I] ∈ (GC/H)×(GI)C
⊕
i∈I
Cα Ii
,
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where
wi =
{
zi if i ∈ J,
1 otherwise.
The subfans ∆+ξ , ∆
−
ξ , ∆ξ and ∆0ξ determine open subsets X(∆
+
ξ )/H, X(∆
−
ξ )/H, X(∆ξ )/H
and X(∆0ξ )/H of X(∆)/H, respectively.
Lemma 7.4. Let f Iξ be the function as in Lemma 7.3 for I ∈ Σ such that CI ∈ ∆+ξ .
(1) For I′ ⊆ I and [g,(zi)i∈I′] ∈ (GC/H)×(GI′)C
⊕
i∈I′Cα I′i
,
f I′ξ ([g,(zi)i∈I′]) = f Iξ ([g,(wi)i∈I]).
Therefore, there exists a continuous function fξ : X(∆+ξ )/H → [0,∞) such that
fξ |(GC/H)×
(GI)C
⊕
i∈ICαIi
= f Iξ
for all I such that CI ∈ ∆+ξ .
(2) fξ is nowhere zero on X(∆0ξ )/H and
( fξ )−1 = f−ξ
on X(∆0ξ )/H.
(3) There exists a continuous function fξ ∪ ( f−ξ )−1 : X(∆ξ )/H → [0,∞] such that
fξ ∪ ( f−ξ )−1|X(∆+ξ )/H = fξ and fξ ∪ ( f−ξ )
−1|X(∆−ξ )/H = ( f−ξ )
−1,
here we may regard 0−1 as ∞ and the topology of [0,∞] is the order topology.
Proof. Part (1) and Part (2) follows from the definition of f Iξ and of the equivalence relation
∼. Part (3) follows from Part (2). 
Now we are ready to deduce the Hausdorff-ness of X(∆)/H from the condition which is
q(∆) being a fan.
Lemma 7.5. Suppose that q(∆) = {q(CI) | I ∈ Σ} is a fan and q(λi) for i ∈ I is linearly
independent for each I ∈ Σ. Then, the quotient space X(∆)/H is Hausdorff.
Proof of Lemma 7.5. Let x,y∈ X(∆)/H such that x 6= y. If x and y belong to the same open
subset
(GC/H)×(GI)C
⊕
i∈I
Cα Ii
,
then there exists open subsets Ux and Uy such that Ux ∋ x, Uy ∋ y and Ux∩Uy = /0.
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Now we assume that x and y do not belong to the same open subset (GC/H)×(GI)C⊕
i∈ICα Ii . Suppose that I is a simplex in Σ such that
x ∈ (GC/H)×(GI)C
⊕
i∈I
Cα Ii
but
x /∈ (GC/H)×(G′I)C
⊕
i∈I′
C
α I
′
i
for all I′ ( I.
Similarly, suppose that J is a simplex in Σ such that
y ∈ (GC/H)×(GJ)C
⊕
j∈J
CαJj
but
y /∈ (GC/H)×(G′J)C
⊕
j∈J′
C
αJ
′
j
for all J′ ( J.
Since q(∆) is a fan, there exists an element ξ ∈ (g/p(h))∗ such that 〈ξ ,q(λi)〉 > 0 for all
i ∈ I \ J, 〈ξ ,q(λ j)〉< 0 for all j ∈ J \ I and 〈ξ ,q(λi)〉= 0 for i ∈ I∩ J. Then, CI ∈ ∆+ξ and
CJ ∈ ∆−ξ . Let fξ ∪ ( f−ξ )−1 be the continuous function as Lemma 7.4. By the choice of ξ ,
we have that
fξ ∪ ( f−ξ )−1(x) = 0 and fξ ∪ ( f−ξ )−1(y) = ∞.
Since the interval [0,∞] is Hausdorff, and x and y are distinguished by the continuous
function fξ ∪ ( f−ξ )−1, there exist open subsets Ux and Uy such that Ux ∋ x, Uy ∋ y and
Ux∩Uy = /0. Therefore, X(∆)/H is Hausdorff, as required. 
By Lemmas 7.1, 7.2 and 7.5, if the nonsingular fan ∆ in g and the complex subspace
h⊂ gC satisfies the following conditions
(1) the restriction p|h of the projection p : gC→ g is injective,
(2) the quotient map q : g→ g/p(h) sends2 a fan ∆ to a fan q(∆) in g/p(h),
then, the quotient space X(∆)/H of the toric variety X(∆) associated with ∆ by H = exp(h)
is a complex manifold3.
As well as toric varieties, we will deduce the compactness of X(∆)/H from the com-
pleteness of q(∆). X(∆)/H is compact if and only if X(∆)/G ·H is compact because G is
a compact torus. So we will show the compactness of X(∆)/G ·H.
2Here, “sends” means that q gives a bijection between cones in ∆ and cones in q(∆).
3 In [1], it has been shown that X(∆)/H is a complex manifold by showing that the action of H on X(∆)
is proper and holomorphic under the conditions (1) and (2) above. Our argument in this paper is slightly
different from [1].
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Lemma 7.6. Let the nonsingular fan ∆ and the complex subspace h of gC satisfy conditions
(1) and (2) above. Let CI = pos(λi | i ∈ I) be a cone in ∆ such that dimCI = dimg/p(h).
Let α Ii for i ∈ I be the dual basis of q(λi). Then, the continuous map
( f I
α Ij
) j∈I : (GC/H)×(GI)C
⊕
i∈I
Cα Ii
→∏
j∈I
(R≥0) j
descends to a homeomorphism
FI :
(
(GC/H)×(GI)C
⊕
i∈I
Cα Ii
)
/G →∏
i∈I
(R≥0)i.
Proof. For any ξ ∈ (g/p(h))∗, by definition of f Iξ , the function f Iξ is G-invariant and hence
FI is well-defined. Since h∩g = {0} and (GI)C∩H = {1} (see the proof of Lemma 7.2),
gC can be decomposed into g⊕√−1gI⊕h because dimCI = dimg/p(h). Therefore GC/H
can be identified with G×√−1gI through the exponential map. Using this identification,
we have
f I
α Ij
([(g,
√−1v),(zi)i∈I]) = e−2pi〈α
Ij ,q(v)〉∏
i∈I
|zi|〈α
Ij ,q(λi)〉
= e−2pi〈α
Ij ,q(v)〉|z j|
for [(g,
√−1v),(zi)i∈I] ∈ (G×
√−1gI)×(GI)C
⊕
i∈ICα Ii . Define
EI : ∏
j∈I
(R≥0) j →
(
(G×√−1gI)×(GI)C
⊕
i∈I
Cα Ii
)
/G
to be
EI((r j) j∈I) := [(1,0),(r j) j∈I].
Clearly, EI is continuous and the composition FI ◦EI is identity. It remains to show that
EI ◦FI is identity. By direct computation,
EI ◦FI([[(g,
√−1v),(zi)i∈I]]) = EI((e−2pi〈α
Ij ,q(v)〉|z j|) j∈I)
= [[(1,0),(e−2pi〈α
Ij,q(v)〉|z j|) j∈I)]],
where [[(g,
√−1v),(zi)i∈I]]∈
(
(G×√−1gI)×(GI)C
⊕
i∈ICα Ii
)
/G denotes the equivalence
class of [(g,
√−1v),(zi)i∈I] ∈ (G×
√−1gI)×(GI)C
⊕
i∈ICα Ii . Since
[[(g,
√−1v),(zi)i∈I] = [[(1,0),(e−2pi〈α Ii ,v〉|zi|)i∈I]],
it suffices to show that 〈α Ii ,v〉= 〈α Ii ,q(v)〉 for v ∈ gI . Since λi for i ∈ I form a basis of gI ,
v = ∑i∈I〈α Ii ,v〉λi. Applying q, we have that q(v) = ∑i∈I〈α Ii ,v〉q(λi). Since q(λi) for i ∈ I
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are a basis of g/p(h) and α Ii are its dual, q(v) = ∑i∈I〈α Ii ,q(v)〉q(λi). Therefore,
∑
i∈I
(〈α Ii ,v〉−〈α Ii ,q(v)〉)q(λi) = 0.
Since q(λi) for i ∈ I are linearly independent, 〈α Ii ,v〉− 〈α Ii ,q(v)〉= 0. Hence the compo-
sition EI ◦FI is the identity. Since FI is continuous and its inverse EI is also continuous, FI
is a homeomorphism, as required. 
Lemma 7.7. Let ∆ and h satisfy conditions (1) and (2) above. Suppose that the fan q(∆)
in g/p(h) is complete. Then, the quotient space X(∆)/H is compact.
Proof. Since X(∆) has the open dense orbit GC corresponding to the empty set /0 ∈ Σ,
X(∆)/H also has the open dense orbit GC/H. First, we identify the quotient GC/G ·H
of the open dense subset GC/H by G with the vector space g/p(h) as follows. To each
[u+
√−1v] ∈ (g⊕√−1g)/(g+h) where u,v∈ g and [u+√−1v] denotes the equivalence
class, we assign [v] ∈ g/p(h) where [v] denotes the equivalence class of v∈ g. This is well-
defined because if u′+
√−1v′ ∈ h then v′ ∈ p(h). Moreover, this is a bijective linear map.
Since GC/H = gC/(h+Hom(S1,G)), the correspondence [u+
√−1v] 7→ [v] is nothing but
an isomorphism ι : GC/G ·H → g/p(h).
Since q sends the fan ∆ to a complete fan q(∆) in g/p(h), every cone CJ ∈ ∆ is contained
in a cone CI ∈ ∆ such that dimCI = dimg/p(h). Hence the open subsets(
(GC/H)×(GI)C
⊕
i∈I
Cα Ii
)
/G⊂ X(∆)/G ·H
for I ∈ Σ such that dimCI = dimg/p(h) cover the quotient space X(∆)/G ·H. Remark
that each open subset
(
(GC/H)×(GI)C
⊕
i∈ICα Ii
)
/G contains GC/G ·H as an open dense
subset. Now we consider the preimage of the cone q(CI) by ι . Suppose that dimCI =
dimg/p(h) and let FI be the homeomorphism as Lemma 7.6. Then,
FI(ι−1(q(v))) = (e−2pi〈α
I
i ,q(v)〉)i∈I.
Therefore,
FI(ι−1(q(CI))) =
{
(ri)i∈I ∈∏
i∈I
(R≥0)i | 0 < ri ≤ 1
}
because 〈α Ii ,q(v)〉 ≥ 0 for q(v) ∈ q(CI). The closure of right hand side is a cube. In partic-
ular, it is compact. Therefore, closure KI of ι−1(q(CI)) in
(
(GC/H)×(GI)C
⊕
i∈ICα Ii
)
/G
is also compact and hence KI coincides with the closure of ι−1(q(CI)) in X(∆)/G ·H.
Since GC/G ·H is the union of ι−1(q(CI)) such that dimCI = dimg/p(h) because q(∆)
is complete, X(∆)/G ·H is the union of compact subsets KI’s. Since the number of cones
in ∆ is finite, X(∆)/G ·H is a finite union of compact subsets and hence it is compact. The
lemma is proved. 
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Proposition 7.8. Let ∆ be a nonsingular fan in g and let h be a complex subspace of gC.
Suppose that ∆ and h satisfy the following conditions:
(1) the restriction p|h of the projection p : gC→ g is injective and
(2) the quotient map q : g→ g/p(h) sends a fan ∆ to a complete fan q(∆) in g/p(h).
Then, the quotient space X(∆)/H of the toric variety associated with ∆ by H = exp(h) is a
compact complex manifold equipped with the action of G which is maximal and preserves
the complex structure.
Proof. By Lemmas 7.1, 7.2, 7.5 and 7.7, X(∆)/H is a compact complex manifold. It
remains to show that the action of G on X(∆)/H is maximal. Since q(∆) is complete, there
exists a cone CI ∈ ∆ such that dimCI = dimg/p(h). Therefore there exists a point x˜∈ X(∆)
such that dimGx˜ = dimg/p(h). Let x be the point in X(∆)/H to which the quotient map
X(∆)→ X(∆)/H sends x˜. Since G∩H = {1} by condition (1), Gx = Gx˜. Therefore,
dimG+dimGx = 2dimG−dimH = dimX(∆)/H,
that is, the action of G on X(∆)/H is maximal, proving the lemma. 
Now we are in a position to show the first theorem in this paper.
Theorem 7.9. Let M be a compact connected complex manifold equipped with a maximal
action of a compact torus G which preserves the complex structure on M. Let ∆ and h be
the fan and complex subspace of gC defined as in Section 5. Then, M is G-equivariantly
biholomorphic to X(∆)/H.
Proof. Let N be the open submanifold of M defined as in Section 5. Let ZGC be the global
stabilizers of the action of GC on M. By Corollary 6.7, N is G-equivariantly biholomorphic
to the quotient space X(∆)/ZGC. Since h is the Lie algebra of the global stabilizer ZGC and
ZGC is connected by Lemma 4.2, ZGC = exp(h) = H. By Proposition 7.8, the quotient
space X(∆)/H is compact. Therefore, N is open and closed in M. Since M is connected,
N is the whole manifold M and hence M is G-equivariantly biholomorphic to the quotient
X(∆)/H. The theorem is proved. 
Remark 7.10. As we saw in the proof of Theorem 7.9, N coincides with the whole manifold
M. So the characteristic submanifolds of N are closed submanifolds of M. Therefore we
can call each of them a characteristic submanifold of M. As a result, we can deduce the
fan ∆ without passing the open submanifold N.
8. CATEGORY EQUIVALENCE
Let C1 denote the class of all (M,G,y) of a compact connected complex manifold M
equipped with a maximal action of a compact torus G and a point y∈M such that Gy = {1}.
For (M1,G1,y1),(M2,G2,y2) ∈ C1, we say that a holomorphic map ψ : M1 → M2 is a
morphism ψ : (M1,G1,y1)→ (M2,G2,y2) if
(1) ψ(y1) = y2 and
(2) there exists a group homomorphism α : G1 → G2 such that ψ is α-equivariant.
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Obviously C1 with the hom-sets HomC1((M1,G1,y1),(M2,G2,y2)) forms a category.
Let C2 denote the class of all triples (∆,h,G) of a nonsingular fan ∆ in g, a complex
subspace h of gC such that
(1) the restriction of p|h of the projection p : gC→ g is injective and
(2) the quotient map q : g→ g/p(h) sends ∆ to a complete fan q(∆) in g/p(h),
and a compact torus G whose Lie algebra is g. For (∆1,h1,G1),(∆2,h2,G2) ∈ C2, a mor-
phism α : (∆1,h1,G1)→ (∆2,h2,G2) is a group homomorphism α : G1 →G2 such that
(1) the differential (dα)1 : g1 → g2 at the unit of G1 induces a morphism ∆1 → ∆2 of
fans and
(2) (dα)C1 := (dα)1⊗ idC : gC1 → gC2 satisfies (dα1)C(h1)⊆ h2.
C2 with the hom-sets HomC2((∆1,h1,G1),(∆2,h2,G2)) also forms a category. In this sec-
tion, we show that the categories C1 and C2 are equivalent.
In Section 5, we assigned a nonsingular fan ∆ in g and a complex subspace h of gC
to each compact connected complex manifold M equipped with a maximal action of a
compact torus G which preserves the complex structure on M. This assignment defines
the object function F1 : C1 → C2 by Lemma 5.13 and Corollary 5.14. For simplicity, we
often denote by F1(M,G) ∈ C2 the value F1(M,G,y) for y ∈ M such that Gy is trivial in
the sequel. Remark that F1(M,G,y) does not depend on the choice of y.
Conversely, by Proposition 7.8, we have the object function F2 : C2 →C1 via F2(∆,h,G)=
(X(∆)/H,G, [1X(∆)]), where 1X(∆) is the point [1GC,(1)i∈I] ∈ GC×(GI)C
⊕
i∈ICα Ii ⊂ X(∆)(see ( 6.3)).
We would like to define a mapping function and use the same notation F1. To a mor-
phism ψ ∈HomC1((M1,G1,y1),(M2,G2,y2)), we define F1(ψ) to be the group homomor-
phism α : G1 → G2 if ψ is α-equivariant. Since ψ(y1) = y2, and (G1)y1 and (G2)y2 both
are trivial, α is uniquely determined.
Lemma 8.1. F1 satisfies the following:
(1) F1(idM1) = idG for (M,G,y) ∈ C1,
(2) F1(ψ2◦ψ1)=F1(ψ2)◦F1(ψ1) for morphisms ψ1 ∈HomC1((M1,G1,y1),(M2,G2,y2))
and ψ2 ∈ HomC2((M2,G2,y2),(M3,G3,y3)),
(3) F1(ψ)=HomC2(F1(M1,G1),F1(M2,G2) for ψ ∈HomC1((M1,G1,y1),(M2,G2,y2)).
In particular, F1 : C1 → C2 is a covariant functor.
Proof. Parts (1) and (2) are obvious.
For i = 1,2, let (Mi,Gi,yi) ∈ C1 and suppose that F1(Mi,Gi,yi) = (∆i,hi,Gi). Let ψ ∈
HomC1((M1,G1,y1),(M2,G2,y2)) and let F1(ψ) = α . Let σ be a cone in ∆ and let v ∈ g1
be an element which belongs to the relative interior of σ . Let cvy1 : R→ M1 be the curve
as Lemma 5.5 above. By Lemma 5.5, the curve converges to a point in M1 as r approaches
to −∞. Moreover, the limit point, say xσ , does not vary with v as long as v belongs to
the relative interior of σ . Since ψ : M1 → M2 is an α-equivariant holomorphic map such
that ψ(y1) = y2, we have that ψ ◦ cvy1(r) = c
(dα)1(v)
y2 (r). Therefore the curve c
(dα)1(v)
y2 (r)
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converges to ψ(xσ ) as r approaches to −∞. By Lemma 5.5, (dα)1(v) ∈ g2 belongs to the
relative interior of a cone in ∆2 for all v which belongs to the relative interior of σ . This
shows that (dα)1 induces a morphism of fans from ∆1 to ∆2.
Since ψ is α-equivariant (with respect to α : G1 → G2) and holomorphic, ψ is an α-
equivariant holomorphic map with respect to the complexified homomorphism α : GC1 →
GC2 . Since hi is the Lie algebra of the global stabilizers of the action of GCi on Mi, we have
that (dα)C1 (h1)⊆ h2. Therefore F1(ψ)=α is a morphism in HomC2((∆1,h1,G1),(∆2,h2,G2)),
proving Part (3). 
Let (∆1,h1,G1),(∆2,h2,G2)∈C2 and α ∈HomC2((∆1,h1,G1),(∆2,h2,G2)). Since (dα)1 : g1 →
g2 induces a morphism of fans from ∆1 to ∆2, it also induces a toric morphism ψ˜α : X(∆1)→
X(∆2) such that ψ˜α(1X(∆1)) = 1X(∆2). Since (dα1)C(h1) ⊆ h2, the toric morphism ψ˜α de-
scends to an α-equivariant holomorphic map ψα : X(∆1)/H1 → X(∆2)/H2, where Hi =
exp(hi), i = 1,2.
Therefore , the morphism α induces a morphism
ψα ∈ HomC1((X(∆1)/H1,G1, [1X(∆1)]),(X(∆2)/H2,G2, [1X(∆2)])).
One can see that the object function F2 : C2 → C1 together with the mapping function F2
(use the same notation) which assigns ψα to α is a covariant functor.
Theorem 8.2. The covariant functors F1 and F2 are weak inverse to each other. In
particular, C1 and C2 are equivalent.
Before the proof of Theorem 8.2, we prepare 2 lemmas.
Lemma 8.3. Let (M,G,y1),(M,G,y2) ∈ C1. Then, there exists a unique G-equivariant
biholomorphism ψ : M → M such that ψ(y1) = y2.
Proof. It follows from Theorem 7.9 that the union of free G-orbits of M coincides with
the open dense GC-orbit of M. Since y1 and y2 sits in the same GC-orbit, there exists an
element g ∈ GC such that g · y1 = y2. The biholomorphic map ψ : p 7→ g · p is what we
wanted, proving the lemma. 
Lemma 8.4. Let (M1,G1,y1),(M2,G2,y2)∈C1 and let ψ,ψ ′ ∈HomC1((M1,G1,y1),(M2,G2,y2))
be α-equivariant for the same α : G1 → G2. Then, ψ = ψ ′.
Proof. As in the proof of Lemma 8.3, ψ coincides with ψ ′ on the open dense GC1 -orbit of
M1 because ψ(y1) = ψ ′(y1). So ψ = ψ ′, as required. 
Proof of Theorem 8.2. Let (∆,h,G) ∈ C2. By Theorem 7.9, F1 ◦F2(∆,h,G) = (∆,h,G).
For a morphism α in C2, the map F2(α) = ψα is an α-equivariant map. Therefore F1 ◦
F2(α) = α , showing that F2 ◦F1 = idC2 .
It remains to show the existence of the natural isomorphism η between F2 ◦F1 and
idC1 . Let (M,G,y) ∈ C1 and let (∆,h,G) = F1(M,G,y) ∈ C2. By Theorem 7.9, there
exists a G-equivariant biholomorphic map ψ : M → X(∆)/H. Then, ψ(y) sits in a free
G-orbit. By Lemma 8.3, there exists a G-equivariant biholomorphic map ψ ′ : X(∆)/H →
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X(∆)/H such that ψ ′ ◦ψ(y) = [1X(∆)]. Therefore there exists an isomorphism η(M,G,y) :=
ψ ′ ◦ψ : (M,G,y)→ (X(∆)/H,G, [1X(∆)]). By Lemma 8.4, such an isomorphism η(M,G,y)
is unique. Let (Mi,Gi,yi) ∈C1 for i = 1,2. Let ψ ∈HomC2((M1,G1,y1),(M2,G2,y2)) be a
morphism and suppose that α =F1(ψ). Let (∆i,hi,Gi) =F1(Mi,Gi,yi) for i= 1,2. Then,
the morphism η(M2,G2,y2)◦ψ ◦η−1(M1,G1,y1) : (X(∆1)/H1,G1, [1X(∆1)])→ (X(∆2)/H2,G2, [1X(∆2)])
coincides with ψα by Lemma 8.4. It turns out that the collection η of η(M,G,y) for all
(M,G,y) ∈ C1 is a natural isomorphism between F2 ◦F1 and idC1 . The theorem is
proved. 
Let G1 and G2 be groups. We say that a map f : X1 → X2 between a G1-set X1 and a
G2-set X2 is weakly equivariant if there exists a group isomorphism α : G1 →G2 such that
f ◦ g = α(g) ◦ f for all g ∈ G1. Let (Mi,Gi,yi) ∈ C1 for i = 1,2. It immediately follows
from Theorem 8.2 that M1 and M2 are weakly equivariantly biholomorphic to each other if
and only if F1(M1,G1,y1) and F1(M2,G2,y2) are isomorphic.
We can also classify the (non-equivariant) biholomorphism types of compact connected
complex manifolds which admit maximal actions of tori in terms of C2 by using an argu-
ment similar to [1, Lemma 4.1].
Theorem 8.5. Let M1 and M2 be compact connected complex manifolds, equipped with
maximal actions of compact tori G1 and G2 which preserve the complex structures on M1
and M2, respectively. Then, M1 and M2 are biholomorphic to each other if and only if
F1(M1,G1) and F1(M2,G2) are isomorphic.
Proof. Since M1 is weakly equivariantly biholomorphic to M2 if and only if F1(M1,G1) is
isomorphic to F1(M2,G2), the “if” part is obvious.
We show the “only if” part. The group Aut(Mi) of all biholomorphisms from Mi to
Mi itself is a complex Lie group (see [2, Section 9]). Let ψ : M1 → M2 be a biholomor-
phism. The biholomorphism ψ : M1 → M2 induces a complex Lie group isomorphism
ψ∗ : Aut(M1) → Aut(M2). Lert Ki be a maximal connected compact Lie subgroups of
Aut(Mi) which contains Gi. Since maximal connected compact Lie subgroups ψ∗(K1) and
K2 of Aut(M2) are conjugate to each other (see [11, Chapter XV, Section 3]), there exists
an element g∈Aut(M2) such that gψ∗(K1)g−1 = K2. Moreover, since gψ∗(G1)g−1 and G2
are maximal tori in K2, there exists an element g′ ∈ K2 such that g′gψ∗(G1)g−1g′−1 = G2.
Put g′′ := ψ−1∗ (g′g) and then g′′ ◦ψ ◦g′′−1 : M1 →M2 is a biholomorphism which induces
a group isomorphism (g′′ ◦ψ ◦ g′′−1)∗ whose restriction to G1 is an isomorphism onto
G2. Therefore g′′ ◦ψ ◦ g′′−1 is an α-equivariant biholomorphism for some group isomor-
phism α : G1 → G2. Let y1 ∈ M1 such that (G1)y1 is trivial. Put y2 := g′′ ◦ψ ◦ g′′−1(y1).
Then, (G2)y2 is trivial and g′′ ◦ψ ◦ g′′−1 : (M1,G1,y1)→ (M2,G2,y2) is an isomorphism.
Applying F1, we have that F1(M1,G1,y1) is isomorphic to F1(M2,G2,y2), proving the
theorem. 
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9. LVMB MANIFOLDS AND MOMENT-ANGLE MANIFOLDS
In this section, we elaborate on the relationships between complex manifolds with max-
imal torus actions, LVMB manifolds (introduced by Bosio in [3]) and moment-angle man-
ifolds with invariant complex structures (given by Tambour and Panov-Ustinovsky in [21]
and [20] independently).
First, we recall the notion of moment-angle complexes briefly. Let Σ be an abstract
simplicial complex on {1, . . . ,n} (we do not require each singleton { j} to be an element of
Σ). For each simplex I ∈ Σ, we set
(D,S1)I := {(z1, . . . ,zn) ∈ Dn | z j ∈ S1 if j /∈ I} ⊂ Cn
and
ZΣ :=
⋃
I∈Σ
(D,S1)I.
Since each (D,S1)I is invariant under the natural (S1)n-action on Cn, so is ZΣ. The topo-
logical space ZΣ is called a moment-angle complex. Moment-angle complexes play an
important role in toric topology (see [5, Chapter 6] for details). For examples, ZΣ is a
topological (n+d)-manifold when the geometric realization |Σ| of Σ is homeomorphic to
a (d− 1)-sphere, and becomes a total space of a principal torus bundle over a complete
nonsingular toric variety X(∆) when Σ is isomorphic to the underlying simplicial complex
of ∆. In the case when ZΣ is a topological manifold, we call ZΣ the moment-angle man-
ifold. In [20, Construction 3.1 and Theorem 3.3] and [21, COROLLARY 5.6], complex
structures invariant under the natural torus actions are constructed under some conditions
on Σ.
We recall the construction of LVMB manifolds. Let m,n be positive integers such that
2m ≤ n and let L := (ℓ0, . . . , ℓn) be n+ 1 linear forms of Cm such that any subfamily of
2m+ 1 elements of L spans (Cm)∨ R-affinely, where (Cm)∨ denotes the dual space of
Cm. Let Em,n denote a family of (2m+ 1)-subsets of {0, . . . ,n}. For every P ∈ Em,n, let
LP denote the corresponding subfamily of L . An LVMB datum is a pair (L ,Em,n) which
satisfies the following two conditions:
(1) For all P∈Em,n and i∈{0, . . . ,n}, there exists j ∈P such that (P\{ j})∪{i}∈Em,n.
(2) For all P,Q∈ Em,n, the interiors of the convex hulls of LP and LQ have non-empty
intersection.
For each P ∈ Em,n, we set an open subset
UP := {z = [z0, . . . ,zn] ∈ CPn | zi 6= 0 if i ∈ P}
and the union U :=
⋃
P∈Em,n UP.
Define an action of H = Cm on U by
v · [z0, . . . ,zn] := [eℓ0(v)z0, . . . ,eℓn(v)zn] for v ∈ Cm.
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Bosio showed that the action of H on U is free, proper and cocompact. Hence the quotient
space Xn,m :=U/H is a compact complex manifold of complex dimension n−m and called
an LVMB manifold.
Let G = (S1)n act on CPn by
(g1, . . . ,gn) · [z0, . . . ,zn] := [z0,g1z1, . . . ,gnzn]
for (g1, . . . ,gn) ∈ G and [z0, . . . ,zn] ∈ CPn. By definition of U , U is invariant under the
action of G. Since the action of G commutes with the action of H, the action of G on U
descends to an action on the LVMB manifold Xn,m =U/H.
Proposition 9.1. Any LVMB manifold carries a maximal torus action which preserves the
complex structure.
Proof. We use the same notations as above. Obviously, the G-action on Xn,m =U/H pre-
serves the complex structure on Xn,m. We need to show that there exists a point x ∈ X =
U/H such that n+dimGx = 2(n−m). Since the quotient map pi : U → X is isovariant (that
is, Gz = Gpi(z) for any z ∈U ), it suffices to find a point z ∈U such that dimGz = n−2m.
Let P ∈ En,m. Put
zi :=
{
0 if i /∈ P,
1 if i ∈ P.
Then, the point z := [z0, . . . ,zn] ∈CPn sits in UP. In particular, z ∈U . If 0 ∈ P, then z0 = 1.
In this case, the isotropy subgroup Gz is the subgroup of elements g∈G such that gi = 1 for
all i ∈ P\{0}, and hence dimGz = n−2m. If 0 /∈ P, then z0 = 0. In this case, the isotropy
subgroup Gz is generated by the elements g ∈ G such that gi = 1 for all i ∈ P and the
diagonal elements (g0, . . . ,g0) ∈ G. Therefore, in the case when 0 /∈ P, dimGz = n−2m,
too. This together with the case when 0 ∈ P shows that dimGz = n− 2m, proving the
proposition. 
The following theorem characterizes LVMB manifolds in complex manifolds with max-
imal torus actions.
Theorem 9.2. (1) Let Xn,m be an LVMB manifold and let (∆,h,G) = F1(Xn,m,G).
Then, the fan ∆ is a subfan of the fan of CPn.
(2) Conversely, for (∆,h,G) ∈ C2 such that ∆ is isomorphic to a subfan of the fan of
CPn, the quotient space X(∆)/H is an LVMB manifold. Namely, there exists an
LVMB datum such that the corresponding LVMB manifold is the same as X(∆)/H.
Proof. The Part (1) follows from the construction of the LVMB manifolds immediately.
The Part (2) is due to [1, Theorem 2.2]. 
For an LVMB datum (L ,Em,n), we say that an integer i ∈ {0, . . . ,n} is indispensable
if i ∈ P for all P ∈ Em,n (cf. [3], [17] and [18]). There are 2 types of LVMB data; one is
the case with an indispensable integer and the other one is the case with no indispensable
integer. We shall clarify the relationships between indispensable integers and characteristic
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submanifolds. Let (L ,Em,n) be an LVMB datum and let Xn,m be the corresponding LVMB
manifold. Let G = (S1)n act on Xn,m as Proposition 9.1 above. Let (∆,h,G)=F1(Xm,n,G).
Suppose that i is an indispensable integer. Then, each UP ⊂ CPn for P ∈ Em,n does not
contain points z = [z0, . . . ,zn] such that zi = 0. In particular, the fixed point set UGi of Gi in
U is empty, where
Gi :=

{(g, . . . ,g) ∈ G | g ∈ S1} if i = 0,
{(1, . . . ,1︸ ︷︷ ︸
i−1
,g,1, . . . ,1︸ ︷︷ ︸
n−i
) ∈ G | g ∈ S1} otherwise.
Therefore, XGin,m = /0. In particular, the fan ∆ does not contain the 1-cone τi, where
τi :=
{
pos(−e1−·· ·− en) if i = 0,
pos(ei) otherwise,
where ei denotes the i-th standard basis vector of Rn and pos(A) denotes the cone spanned
by elements in A. The converse is also true. Namely, i is indispensable if and only if ∆ does
not contain τi. In particular, the number of indispensable points tells us the fundamental
group of the LVMB manifold. Let F1(Xn,m,G) = (∆,h,G). Since Xn,m ∼= X(∆)/H and H
is contractible, Xn,m is homotopy equivalent to X(∆). Therefore, the fundamental group
pi1(Xn,m) is isomorphic to Zk−1 if the LVMB datum has k indispensable integers and k > 0.
In case when k = 0, Xn,m is simply connected.
Let (L ,Em,n) be an LVMB datum such that 0 is indispensable. Then, it follows from
the observation above that the fan ∆ is a subfan of the fan of Cn. In this case, we can regard
U as an open subset of Cn, not only of CPn. In fact, for any z = [z0, . . . ,zn] ∈U , z0 6= 0 and
hence we have a biholomorphic map f from U onto an open subset of Cn via
f ([z0, . . . ,zn]) :=
(
z1
z0
, . . . ,
zn
z0
)
.
We shall see the image f (U) of U by f for later use. We define an abstract simplicial
complex Σ on {1, . . . ,n} given by
Σ := {I | I ⊆ {0, . . . ,n}\P, ∃P ∈ Em,n}.
For each I ∈ Σ, we set
U(I) := {w = (w1, . . . ,wn) ∈ Cn | wi 6= 0 if i /∈ I}
and
U(Σ) :=
⋃
I∈Σ
U(I).
Then, by definition of f , we have that f (UP) =U({0, . . . ,n}\P) for each P ∈ Em,n. There-
fore f (U) coincides with U(Σ). It turns out that the LVMB manifold Xn,m is a quotient of
the open subset U(Σ) by an action of Cm.
We shall state the following Lemma for later use.
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Lemma 9.3. (1) Let (L ,Em,n) be an LVMB datum such that 0 is indispensable and let
Xn,m be the LVMB manifold corresponding to (L ,Em,n). Let (∆,h,G)=F1(Xn,m,G).
Then, ∆ is a subfan of the fan of Cn.
(2) Conversely, for (∆,h,G) ∈ C2 such that ∆ is isomorphic to a subfan of the fan of
Cn, the quotient space X(∆)/H is an LVMB manifold which comes from an LVMB
datum such that 0 is indispensable.
By comparing Lemma 9.3 with [21, COROLLARY 5.6] and [20, Construction 3.1 and
Theorem 3.3], it follows that the LVMB manifold which comes from an LVMB datum
such that 0 is indispensable is equivariantly homeomorphic to a moment-angle manifold
ZΣ. The following is an application of our classification theorem Theorem 7.9.
Theorem 9.4. An even dimensional moment-angle manifold ZΣ admits an invariant com-
plex structure if and only if Σ is star-shaped4 and if and only if it is biholomorphic to an
LVMB manifold which comes from an LVMB datum such that 0 is indispensable.
Proof. The “if” part follows from [21, COROLLARY 5.6] and [20, Construction 3.1 and
Theorem 3.3]. We will show the “only if” part. Let Σ be an abstract simplicial complex on
{1, . . . ,n} such that |Σ| is a (d−1)-sphere. Suppose that the moment-angle manifold ZΣ
has an invariant complex structure and fix it. First, we claim that the (S1)n-action on ZΣ is
maximal. Since Σ is homeomorphic to an (d−1)-sphere, there exists I ∈ Σ such that the
cardinarity |I| of I is equal to d. Put
xi :=
{
0 if i ∈ I
1 if i /∈ I.
Then, x := (x1, . . . ,xn)∈ (D,S1)I ⊂ZΣ. The isotropy subgroup of (S1)n at x is the subgroup
of the elements g = (g1, . . . ,gn) such that gi = 1 if i /∈ I. Therefore dimGx = d. Since
dimZΣ = n+d, the action of (S1)n on ZΣ is maximal.
Now we identify the Lie algebra of S1 with R through the differential of the exponential
map t 7→ e2pi
√−1t
. Then, the nonsingular fan ∆ for F1(ZΣ,(S1)n) = (∆,h,(S1)n) ∈ C2 is
as follows. The fan ∆ in Rm is the collection of cones
{pos(siei | i ∈ I) | I ∈ Σ}
where si = ±1. Clearly, ∆ is isomorphic to a subfan of the fan of Cn. The Lie algebra of
((S1)n)C=(C∗)n is identified withCm throuth the exponential map. The complex subspace
h of Rm⊗RC= Cm satisfies the conditions
(1) the restriction p|h of the projection to the real part p : Cm → Rm is injective,
(2) the quotient map q : Rm → Rm/p(h) sends ∆ to a complete fan in Rm/p(h)
by Lemma 5.13 and Corollary 5.14. By condition (2), the geometric realization |Σ| of the
simplicial complex Σ should be homeomorphic to a sphere and Σ should be star-shaped.
4A (d− 1)-simplicial complex whose geometric realization is homeomorphic to (d− 1)-sphere is said to
be star-shaped if Σ is isomorphic to the underlying simplicial complex of a simplicial complete fan in Rd .
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Since the fan ∆ is isomorphic to a subfan of a fan of Cn, it follows from Lemma 9.3 that
ZΣ is an LVMB manifold which comes from an LVMB datum such that 0 is indispensable.
The theorem is proved. 
Remark 9.5. In [15], a moment-angle complex ZΣ for a simplicial poset Σ is introduced and
has nice properties as well as the case when Σ is a simplicial complex. For example, ZΣ is
also a manifold when the geometric realization of Σ is homeomorphic to a sphere. One can
see that the action of (S1)m on ZΣ is maximal. However, our classification Theorem 7.9
yields that Σ should be a simplicial complex when ZΣ admits a complex structure invariant
under the action of (S1)m.
10. EQUIVARIANT PRINCIPAL BUNDLES
In this section, we study on the equivariant principal bundles in complex manifolds with
maximal torus actions. It has been shown that certain LVM manifolds carry principal
bundles over projective quasi-regular toric varieties. Conversely, starting from any quasi-
regular projective toric variety, a principal bundle over it whose total space is an LVM
manifold can be constructed (see [18] for details). It turns out that any projective smooth
toric variety can be obtained from an LVMB manifold as a quotient space.
The main purpose in this section is to show that LVMB manifolds appear as building
blocks of complex manifolds with maximal torus actions. We begin with the following
general consequence.
Theorem 10.1. Let (∆i,hi,Gi)∈C2 for i= 1,2 and let α ∈HomC2((∆1,h1,G1),(∆2,h2,G2)).
Let G′ ⊂ G1 denote the kernel of α (as a group homomorphism). Let Hi denote the image
of hi by the exponential map for i = 1,2. Then,
(1) the induced α-equivariant map F2(α)=ψα : X(∆1)/H1→X(∆2)/H2 is G′-invariant.
(2) ψα is a principal G′-bundle if and only if α is surjective, and (dα)1 gives a one-to-
one correspondence from the primitive generators of 1-cones in ∆1 to the primitive
generators of 1-cones in ∆2.
Proof. Part (1) follows from the fact that the toric morphism ψ˜α : X(∆1)→ X(∆2) is G′-
invariant.
For Part (2), suppose that ψα is a principal G′-bundle. Then, α : G1 → G2 is surjec-
tive; otherwise, ψα is not surjective. For each characteristic submanifold of X(∆1)/H1, the
image of it by ψα is also a characteristic submanifold of X(∆2)/H2 and vice versa. Let
N1, . . . ,Nk be the characteristic submanifolds of X(∆1)/H1. For each point x ∈ Ni, the nor-
mal vector space Tx(X(∆1)/H1)/TxNi is isomorphic to Tψα (x)(X(∆2)/H2)/Tψα (x)(ψα(Ni))
through the differential (dψα)x. Let λi ∈ (S1,G1) be the homomorphism such that
(dλi(g))x(ξ ) = gξ for g ∈ S1, ξ ∈ Tx(X(∆1)/H1)/TxNi,
that is, the primitive generator of the 1-cone corresponding to Ni. Applying (dψα)x, we
have
(dψα)x((dλi(g))x(ξ )) = g(dψα)x(ξ ).
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Since ψα is α-equivariant, we have
(d(α ◦λi(g)))x((dψα)x(ξ )) = g(dψα)x(ξ ).
Therefore, the primitive generator of the 1-cone in ∆2 corresponding to ψα(Ni) is α ◦λi =
(dα)1(λi), proving the “only if” part.
To show the “if” part, suppose that α is surjective and (dα)1 gives a one-to-one cor-
respondence from the primitive generators of 1-cones in ∆1 to the primitive generators of
1-cones in ∆2. Let pi : gCi → gi be the projection and let qi : gi → gi/pi(hi) be the quo-
tient map for i = 1,2. Since (∆i,hi,Gi) ∈ C2, qi(∆i) is a complete fan in gi/pi(hi). Since
α ∈ HomC2((∆1,h1,G1),(∆2,h2,G2)) and α : G1 → G2 is surjective as a group homo-
morphism, (dα)1 : g1 → g2 is surjective and (dα)C1 (h1) ⊆ h2. Therefore (dα)1 induces
a surjective linear map (dα)1 : g1/p1(h1)→ g2/p2(h2). Let λ1, . . . ,λk be the primitive
generators of 1-cones in ∆1. Then, ν1 = (dα)1(λ1), . . . ,νk = (dα)1(λk) are the primitive
generators of 1-cones in ∆2. Put
Σ := {I ⊆ {1, . . . ,k} | pos(λi | i ∈ I) ∈ ∆1}
Then, ∆1 = {CI := pos(λi | i ∈ I) | I ∈ Σ} and q1(∆1) = {q1(CI) = pos(q1(λi) | i ∈ I) |
I ∈ Σ}. Since α is a morphism, (dα)1(CI) is contained in a cone in ∆2 for each I ∈ Σ.
Therefore, (dα)1(q1(CI)) is contained in a cone in q2(∆2). This together with the fact
that (dα)1 is surjective shows that the image (dα)1(q1(∆1)) of the complete fan q1(∆1) by
(dα)1 is a refinement of the complete fan q2(∆2), in particular, (dα)1 is an isomorphism.
However, the number of 1-cones in ∆1 is same as 1-cones in ∆2 and hence (dα)1(q1(∆1))=
q2(∆2). Therefore, ∆2 = {pos(νi | i ∈ I)}I∈Σ.
Let us think of the toric varieties X(∆1) and X(∆2) as the quotient spaces (see ( 6.3))
X(∆1) =
⊔
I∈Σ
GC1 ×GC1,I
⊕
i∈I
Cα Ii
/≈
and
X(∆2) =
⊔
I∈Σ
GC2 ×GC2,I
⊕
i∈I
Cβ Ii /≈,
where α Ii (respectively, β Ii ) for i ∈ I denote the dual basis of λi (respectively, νi), i ∈ I.
Then, the restriction of the toric morphism ψ˜α to each affine toric variety GC1 ×GC1,I
⊕
i∈ICα Ii
is given by
ψ˜α([g,(zi)i∈I]) = [α(g),(zi)i∈I] ∈ GC2 ×GC2,I
⊕
i∈I
Cβ Ii .
Therefore the α-equivariant holomorphic map ψα : X(∆1)/H1 → X(∆2)/H2 is given by
ψα([[g],(zi)i∈I]) = [[α(g)],(zi)i∈I] ∈ (GC2 /H2)×GC2,I
⊕
i∈I
Cβ Ii
for each [[g],(zi)i∈I] in the open subset (GC1 /H1)×GC1,I
⊕
i∈ICα Ii of X(∆1)/H1. Since the ho-
momorphism GC1 /H1 → GC2 /H2, induced by the complexified homomorphism α : GC1 →
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GC2 , induces an isomorphism from G1,I to G2,I for each I ∈ Σ, the kernel of the induced ho-
momorphism GC1 /H1 → GC2 /H2, say G˜′, acts on the preimage of each point y ∈ X(∆)2/H2
by ψα simply transitively. Therefore the α-equivariant holomorphic map ψα : X(∆1)/H1→
X(∆2)/H2 is a principal G˜′-bundle. Since X(∆1)/H1 is compact, G˜′ is also compact. There-
fore G˜′ is contained in G1 (regarded as a subgroup of GC1 /H1) and hence G˜′ is the kernel
G′ of α : G1 → G2, proving the “if” part. 
Theorem 10.2. For any compact connected complex manifold M equipped with a maximal
action of a compact torus G which preserves the complex structure on M, there exist an
LVMB manifold Xn,m and an equivariant principal holomorphic bundle ψ : Xn,m → M. In
particular, every compact complex manifold with a maximal torus action is a quotient of
an LVMB manifold.
Proof. Let (∆,h,G) =F1(M,G,y) and let λ1, . . . ,λk be the primitive generators of 1-cones
in ∆. Let n be a positive integer such that n− dimG is even and there exists a surjective
R-linear map f : Rn → g such that f (ei) = λi for i = 1, . . . ,k and f (Zn) ⊆ Hom(S1,G),
where ei denotes the i-th standard basis vector in Rm. Since f (ei) ∈ Hom(S1,G) for all i
and f is surjective, f descends to a surjective group homomorphism α : (S1)n → G such
that (dα)1 = f . Let Σ be the simplicial complex on {1, . . . ,n} defined as
Σ := {I ⊂ {1, . . . ,n} | pos(λi | i ∈ I) ∈ ∆}.
Define a subfan ∆′ of the fan of Cn as
∆′ := {pos(ei | i ∈ I) | I ∈ Σ}.
We want to find a complex vector subspace h′ ofCn such that p′|h′ is injective, (dα)C1 (h′)⊆
h and the quotient map q′ : Rn →Rn/p′(h′) sends ∆′ to a complete fan inRn/p′(h′), where
p′ denotes the projection from Cn to its real part. If such a vector subspace h′ exists, then
(∆′,h′,(S1)n) ∈ C2 and the manifold X(∆′)/H ′ is an LVMB manifold Xn,m by Lemma 9.3,
where H ′ is the image of h′ by the exponential map. By Theorem 10.1, the induced α-
equivariant map ψα : X(∆′)/H ′ → X(∆)/H is a holomorphic principal equivariant kerα-
bundle. Since X(∆)/H is equivariantly biholomorphic to M, we have that there exists a
principal holomorphic bundle ψ : Xn,m → M.
Now we show the existence of such a vector subspace h′. Let p : gC→ g be the projec-
tion and let q : g→ g/p(h) be the quotient map. Let w1, . . . ,wℓ be a complex basis of h.
Put
ui := p(wi) for i = 1, . . . , ℓ
and
vi := p(
√−1wi) for i = 1, . . . , ℓ.
Then, u1, . . . ,uℓ,v1, . . . ,vℓ form a basis of p(h) because p|h is injective. Since f is surjec-
tive, there exist u′i and v′i in Rn such that f (u′i) = ui and f (v′i) = vi for i = 1, . . . , ℓ. Each of
u′i and v′i belongs to kerq ◦ f because q(ui) = q(vi) = 0. Since n−dimG is even and f is
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surjective, the dimension of ker f is even, say 2m−2ℓ. Let u′ℓ+1, . . . ,u′m,v′ℓ+1, . . . ,v′m be a
basis of ker f and put
w′i := u
′
i +
√−1v′i ∈ Cn
for i= 1, . . . ,m. Let h′ be the complex vector subspace ofCn spanned by w′i for i= 1, . . . ,m.
To see the injectivity of p′|h′ , consider the linear combination
m
∑
i=1
aiw
′
i, ai ∈ C.
Let bi and
√−1ci be the real and imaginary parts of ai, respectively. Suppose that p′(∑mi=1 aiw′i)=
0. Then,
m
∑
i=1
biu′i− civ′i = 0.
By applying f , we have that
ℓ
∑
i=1
biui− civi = 0.
Since u1, . . . ,uℓ,v1, . . . ,vℓ are a basis of p(h), we have that ai = bi +
√−1ci = 0 for i =
1, . . . , ℓ. Therefore
m
∑
i=ℓ+1
biu′i− civ′i = 0.
Since u′ℓ+1, . . . ,u′m,v′ℓ+1, . . . ,v′m are a basis of ker f , we have that ai = bi +
√−1ci = 0 for
i = ℓ+1, . . . ,m. This together with ai = bi +
√−1ci = 0 for i = 1, . . . , ℓ shows that p′|h′ is
injective.
To see that (dα)C1 (h′) ⊆ h, we shall see that (dα)C1 (w′i) ∈ h for i = 1, . . . ,m. Sincef = (dα)1, we have that
(dα)C1 (w′i) =
{
ui +
√−1vi = wi for i = 1, . . . , ℓ,
0 for i = ℓ+1, . . . ,m.
Therefore (dα)C1 (h′) = h.
It remains to show that the quotient map q′ : Rn → Rn/p′(h′) sends ∆′ to a complete
fan in Rn/p′(h′). Since p ◦ (dα)C1 = (dα)1 ◦ p′, f = (dα)1 induces an R-linear map
f : Rn/p′(h′)→ g/p(h) and we have a commutative diagram
Rn
f
//
q′

g
q

Rn/p′(h′)
f
// g/p(h).
Since q ◦ f sends ∆′ to a complete fan q(∆) in g/p(h), it suffices to show that f is an
isomorphism. Since f is surjective, so is f . Let u ∈ Rn and suppose that f (u) ∈ p(h).
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Then, u ∈ kerq ◦ f . Therefore, u is a linear combination of u′1, . . . ,u′m,v′1, . . . ,v′m, becausef (u′1), . . . , f (u′ℓ), f (v′1), . . . , f (v′ℓ) are a basis of p(h) and u′ℓ+1, . . . ,u′m,v′ℓ+1, . . . ,v′m are a
basis of ker f . Suppose that
u =
m
∑
i=1
biu′i− civ′i,
where bi and ci are some real number for i = 1, . . . ,m. Put ai := bi +
√−1ci. Then,
p′
(
m
∑
i=1
aiw
′
i
)
=
m
∑
i=1
biu′i− civ′i = u.
Since h′ is spanned by w′i for i = 1, . . . ,m, we have that u ∈ p′(h′), showing that f is
injective. The theorem is proved. 
Remark 10.3. We may assume that the corresponding LVMB datum of the LVMB manifold
Xn,m appeared in Theorem 10.2 has the indispensable integer 0 because the fan ∆′ is a
subfan of the fan of Cn in the proof. As we saw in Lemma 9.3 below, the LVMB manifold
Xn,m is homeomorphic to a moment-angle manifold coming from a star-shaped sphere.
11. NONDEGENERATE Cn-ACTIONS ON COMPLEX n-MANIFOLDS
The notion of nondegenerate Rn-actions on real n-manifolds is introduced by Zung and
Minh (see [22] for details). In this section, we will briefly review a part of their works
and give a complete classification of complex manifolds of complex dimension n equipped
with holomorphic nondegenerate actions of Cn as an application of Theorem 7.9.
Let M be an n-dimensional smooth manifold, equipped with an Rn-action ρ : Rn×M →
M. For each v ∈ Rn, let Xv denote the fundamental vector field generated by v, that is,
Xv(x) =
d
dt ρ(tv · x)|t=0
for x ∈M. A point x ∈M is said to be a singular point if the dimension of the vector space
kx := {v ∈ Rn | Xv(x) = 0}
is greater than 0. At a singular point x, we can consider the isotropy representation
pix : kx → GL(TxM/Tx(Rn · x)). The singular point x is said to be nondegenerate if the
differential (dpix)0 of pix at 0∈ kx is injective, that is, the whole image by (dpix)0 is a Cartan
subalgebra of gl(TxM/Tx(Rn · x)). The action ρ is called nondegenerate if any singular
point is nondegenerate.
Let ρ : Rn×M → M be a nondegenerate action. According to [22, Theorem 2.6], at a
singular point x, there exist unique nonnegative integers h,e, a basis (v1, . . . ,vn) of Rn and
a local coordinate system (x1, . . . ,xn) in a neighborhood of x such that the vector fields are
56 H. ISHIDA
represented as
Xvi = xi
∂
∂xi for i = 1, . . . ,h,
Xvh+2 j−1 = xh+2 j−1
∂
∂xh+2 j−1 + xh+2 j
∂
∂xh+2 j ,
Xvh+2 j = xh+2 j−1
∂
∂xh+2 j − xh+2 j
∂
∂xh+2 j−1 for j = 1, . . . ,e,
Xvk =
∂
∂xk for k = h+2e+1, . . . ,n.
h is called the number of hyperbolic component and e is called the number of elbolic com-
ponent at x. The pair (h,e) of nonnegative integers is called the HE-invariant at x.
When the HE-invariant at x is (h,e), the dimension of Rn-orbit through x is n−h−2e.
Therefore, Rn · x is diffeomorphic to Rr × (S1)t for some r, t with r+ t = n−h−2e. The
quadruple (h,e,r, t) of nonnegative integers is called the HERT-invariant at x.
Let Zρ be the global stabilizers, that is,
Zρ = {v ∈ Rn | ρ(v,x) = x for all x ∈M}.
Since ρ is nondegenerate, Zρ is a discrete subgroup of Rn. Therefore G := RZρ/Zρ , a
compact torus, acts on M effectively. The dimension of G is said to be the toric degree of
the action ρ . Suppose that M is connected. Then, for any point x, the HERT-invariant at x
tells us the toric degree; the toric degree of ρ is equal to e+ t, where (h,e,r, t) is the HERT-
invariant at arbitrary point x ∈ M (see [22, Theorem 3.4]). In case when M is compact,
there exists a compact Rn-orbit (see [22, Proposition 2.22]). Namely, there exists a point x
such that the HERT-invariant (h,e,r, t) at x satisfies r = 0. Moreover if x does not admit a
hyperbolic component, that is, h = 0, then 2e+ t = n.
The action ρ : Rn×M →M is called elbolic if each singular point x ∈M does not admit
hyperbolic components. The relation between maximal torus actions and elbolic actions is
as follows:
Lemma 11.1. Let M be a compact connected manifold of dimension n, equipped with an
elbolic Rn-action. Let G be the compact torus as above. Then, the action of G on M is
maximal.
Proof. As we mentioned above, there exists a point x ∈M such that the HERT-invariant at
x is (0,e,0, t), 2e+ t = n. So there exist a basis (v1, . . . ,vn) of Rn and a local coordinate
system (x1, . . . ,xn) in a neighborhood at x such that the vector fields are represented as
Xv2 j−1 = x2 j−1
∂
∂x2 j−1 + x2 j
∂
∂x2 j ,
Xv2 j = x2 j−1
∂
∂x2 j − x2 j−1
∂
∂x2 j for j = 1, . . . ,e,
Xvk =
∂
∂xk for k = 2e+1, . . . ,n.
Let v = ∑ni=1 aivi, ai ∈ R. Suppose that v ∈ RZρ . Then, the vector field Xv is almost
periodic. So a2 j−1 = 0 for all j = 1, . . . ,e (otherwise, Xv is not almost periodic). The
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vector subspace
V :=
{
n
∑
i=1
aivi | ai = 0 for i = 2 j−1, j = 1, . . . ,e
}
has dimension e+ t and contains RZρ . Since the toric degree, the dimension of RZρ , is
given by e + t, we have that V = RZρ . Therefore for v ∈ RZρ , Xv(x) = 0 if and only
if v is a linear combination of v2 j, j = 1, . . . ,e. This shows that the dimension of the
isotropy subgroup Gx at x is equal to e. It follows from 2e+ t = n and dimG = e+ t that
dimG+ dimGx = dimM. Since the action of G on M is effective, the equality dimG+
dimGx = dimM shows that the G-action on M is maximal, as required. 
Since Cn is isomorphic to R2n as real Lie groups, we can consider holomorphic nonde-
generate Cn-actions on complex manifolds of complex dimension n. In the case of holo-
morphic nondegenerate Cn-action, each point x does not admit hyperbolic components.
Lemma 11.2. Let M be a complex manifold of complex dimension n, equipped with a
holomorphic nondegenerate Cn-action ρ : Cn×M → M. Then, the action ρ is elbolic.
Proof. Let x be a singular point in M with respect to the action ρ : Cn×M →M. Let (h,e)
be the HE-invariant at x. Suppose that h > 0. Then, there exist an element v ∈ Cn and a
local coordinate system (x1, . . . ,x2n) in a neighborhood at x such that the vector field Xv is
represented as
(11.1) Xv = x1 ∂∂x1 .
Let J be the complex structure on M. Since the action ρ : Cn ×M → M is holomorphic,
the section
1
2
(Xv−
√−1JXv) : M → T M⊗C
is a holomorphic vector field. So the zero locus of Xv has even codimension. This contra-
dicts the fact that the zero locus of Xv has codimension 1 by ( 11.1). Therefore h = 0. Since
each singular point x does not admit hyperbolic components, the action ρ : Cn×M → M
is elbolic, as required. 
Combining Lemma 11.2 with Lemma 11.1, we have that if a compact connected com-
plex manifold M of complex dimension n admits a holomorphic nondegenerate Cn-action,
then M admits a maximal action of a compact torus G which preserves the complex struc-
ture on M. This allows us to classify compact connected complex manifolds equipped with
holomorphic nondegenerate Cn-actions with Theorems 7.9 and 8.5.
Theorem 11.3. Let M be a compact connected complex manifold of complex dimension n.
M admits a holomorphic nondegenerate Cn-action if and only if M admits an action of a
compact torus G which is maximal and preserves the complex structure on M.
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Proof. The “only if” part follows from Lemmas 11.1 and 11.2 immediately.
In order to show the “if” part, suppose that M admits an action of a compact torus G
which is maximal and preserves the complex structure on M. Then, we have the complex-
ified action GC×M → M of the action of G.
Let GM be as in Section 3. Through the exponential map, the Lie algebra gM of GM acts
on GM holomorphically and effectively. Since M has an open dense GC-orbit, it also has
an open dense GM-orbit. Therefore gM is isomorphic to Cn. Let N be as in Section 5. For
any point p ∈ N, it follows from Proposition 4.9 that p is nondegenerate with respect to
the action gM×M →M. As we saw in Remark 7.10, N coincides with the whole manifold
M and hence any singular point with respect to the action gM ×M → M is nondegenerate.
This shows that the gM-action is nondegenerate, proving the “if” part.

12. POSSIBILITY OF BEING KA¨HLER
Let M be a compact connected complex manifold equipped with a maximal action of
a compact torus G which preserves the complex structure on M. In this section, we give
a necessary condition for a compact connected complex manifold M to admit a Ka¨hler
metric in terms of the nonsingular fan ∆, where F1(M,G) = (∆,h,G).
Theorem 12.1. Let (M,G,y) ∈ C1 and let (∆,h,G) = F1(M,G,y). Let f be the subspace
of the Lie algebra g of G which is spanned by generators of all 1-cones in ∆. Suppose that
M admits a Ka¨hler metric. Then, dim f= dimM−dimG.
Proof. Let h be a Ka¨hler metric on M. By taking average of h with the action of G, we may
assume that h is G-invariant without loss of generality. In this case, all elements of G act
on M as isometries.
Let λ1, . . . ,λk ∈ Hom(S1,G) be the primitive generators of 1-cones in ∆. Denote by
Gi the circle subgroup λi(S1). By definition, Gi fixes a characteristic submanifold of M
pointwise. In particular, the fixed point set MGi of the action of Gi is not empty. By
Frankel’s theorem (see [9, LEMMA 2]), it follows from MGi 6= /0 that Gi acts on M in
Hamiltonian fashion, that is, the interior product of the Ka¨hler form and the fundamental
vector field of Gi is an exact 1-form. Therefore, the subtorus F generated by Gi for all i acts
on M in Hamiltonian fashion, too. By definition of F and f, the Lie algebra of F is exactly
f. Let v be a vector in f such that {exp(tv) | t ∈R} is dense in F . Let ω be the Ka¨hler form.
Since the action of F on M is Hamiltonian, there exists a smooth function f : M →R such
that d f = ιXvω . Since M is compact, there exists a point x ∈M which maximizes f . At the
point x, (d f )x = 0. Since the Ka¨hler form ω is nondegenerate, (d f )x = 0 implies that Xv
vanishes at x. It turns out that x is a fixed point of the action restricted to {exp(tv) | t ∈ R}.
By definition of v, x is a fixed point of the action of F . Since the action of G on M is
effective, so is the action of F . Since F ⊆ Gx, we have that
dimF ≤ dimGx ≤ dimM−dimG
by ( 2.2). Therefore we have that dim f≤ dimM−dimG.
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The opposite inequality follows from Corollary 5.8. Therefore, dim f= dimM−dimG,
as required. 
Theorem 12.2. Let M be a compact connected complex manifold equipped with a maximal
action of a compact torus G which preserves the complex structure on M. Suppose that M
admits a Ka¨hler metric. Then, M is a total space of a holomorphic fiber bundle over a
compact complex torus whose fibers are projective nonsingular toric varieties.
Proof. Let (∆,h,G) =F1(M,G). By Theorem 7.9, M is G-equivariantly biholomorphic to
X(∆)/H, where H = exp(h). We will show that X(∆)/H is a total space of a holomorphic
fiber bundle over a compact complex torus whose fibers are projective nonsingular toric
varieties.
Let p : gC → g be the projection and let q : g→ g/p(h) be the quotient map. Since
(∆,h,G)∈C2, the restriction p|h is injective and q sends ∆ to a complete fan in g/p(h). By
Theorem 12.1, all cones in ∆ are contained in a subspace f of dimension dimM−dimG. We
claim that the restriction q|f : f→ g/p(h) is an isomorphism. The surjectivity of q|f follows
from the fact that f contains all cones in ∆ and the fact that q(∆) is complete. To show the
injectivity of q|f, it suffices to show that dimg/p(h) = dim f because q|f is surjective. It
follows from the injectivity of p|h that dimh = dim p(h). Since M is biholomorphic to
X(∆)/H, we have
dimg/p(h) = dimg−dimh
= dimM−dimG
= dim f.
This together with the surjectivity of q|f shows that q|f is an isomorphism. Since q(∆) is
complete in g/p(h), ∆ is also complete in f⊆ g. Let ∆f denote the restriction of all cones
in ∆ to f. Let E be a subtorus of G which is a complement of F = exp(f) in G and let e
denote its Lie algebra. Under this notation, ∆ is the product of the complete fan ∆f and
the fan ∆0 consisting of only the origin {0} in e. So the toric variety X(∆) associated with
∆ is the product of the complete nonsingular toric variety X(∆f) and the algebraic torus
X(∆0) = EC.
Since E is a complement of F , we have decompositions g= e⊕ f and gC = eC⊕ fC. Let
peC : gC→ eC be the projection. We claim that HeC := exp(peC(h)) is a closed subgroup
of EC. By Lemma 7.1, it suffices to show that the restriction p|p
eC
(h) : peC(h) → e is
injective. To show this, we will show that the composition p ◦ peC |h : h→ e is injective.
Since gC = g⊕√−1g and g = e⊕ f, we may represent each element w of h as w = ue+
uf+
√−1ve+
√−1vf for some ue,ve ∈ e and uf,vf ∈ f. Suppose that p◦ peC(w) = 0. Then,
ue = 0 and hence w = uf+
√−1ve+
√−1vf. Since the restriction p|h : h→ g of p : gC→
g to h is injective, w = 0 if and only if p(w) = uf = 0. Since q|f : f → g/p(h) is an
isomorphism, it follows from p(w) = u f and w ∈ h that u f = 0. Therefore w = 0 and
hence p◦ peC|h : h→ e is injective. This shows that HeC is a closed subgroup of EC. It also
follows from the injectivity of peC|h that HeC does not contain a circle subgroup. Moreover,
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dimHeC = dimh = 2dimG− dimM = 2dimG− (dimF + dimG) = dimE. In particular,
dimHeC = 12 dimE
C
. Therefore, the quotient EC/HeC is a compact complex torus.
The first projection X(∆) = EC×X(∆f)→ EC and peC induce a holomorphic fiber bun-
dle
ψ : X(∆)/H = (EC×X(∆f))/H → EC/HeC
whose typical fiber is the complete nonsingular toric variety X(∆f). Since X(∆)/H admits
a Ka¨hler metric, the fiber X(∆f) also admits a Ka¨hler metric because each fiber is a complex
submanifold of X(∆)/H. For any complete nonsingular toric variety, it being projective is
equivalent to it admitting a Ka¨hler metric. Therefore the typical fiber X(∆f) is a projective
nonsingular toric variety, proving the theorem. 
Now we study the topology of M which admits a Ka¨hler metric.
Theorem 12.3. Let M be a compact connected complex manifold equipped with a maximal
action of a compact torus G which preserves the complex structure on M. Suppose that
M admits a Ka¨hler metric. Then, M is equivariantly diffeomorphic to the product of a
nonsingular projective toric variety and a compact torus.
Proof. We use the same notations as the proof of Theorem 12.2 and will show that X(∆)/H
is diffeomorphic to E×X(∆f). Since E and HeC generates EC and HeC ∩E = {1EC}, there
exist unique elements gE ∈ E and gH
eC
∈ HeC such that gEC = gEgHeC for any element
gEC ∈ EC. Let pfC : gC = eC⊕ fC → fC be the projection. Let HfC := exp(pfC(h)) ⊆
FC. Since the exponential map peC(h)→ HeC is an isomorphism, the composition pfC ◦
(peC|peC(h))−1 : peC(h) → pfC(h) induces a group homomorphism θ : HeC → HfC . We
define φ : (EC×X(∆f))/H → E ×X(∆f) to be φ([gEC,x]) := (gE ,θ(gHeC )−1 · x), where
[gEC,x]∈ (EC×X(∆f))/H denotes the equivalence class of (gEC,x)∈EC×X(∆f). Clearly,
φ is well-defined. φ has the inverse φ−1 : E × X(∆f) → (EC × X(∆f))/H defined as
φ−1(gE ,x) = [gE ,x]. Both φ and φ−1 are smooth, so φ is a diffeomorphism and X(∆)/H
is diffeomorphic to the product X(∆f)×E, as required. 
Related with Theorems 12.1 and 12.3 , we may consider generalizations. One direction
is symplectic version. Let M be a symplectic manifold equipped with an action of a com-
pact torus G which is maximal and preserves the symplectic form on M. If G acts on M
freely, then M is diffeomorphic to a compact torus. If the fixed point set MG is nonempty,
then the G-action on M is Hamiltonian and M is a toric manifold (see [12, Remark 2. (4)]
for details). We already know these extreme cases, but do not know the other cases.
Problem 12.4. Let M be a compact connected symplectic manifold equipped with an ac-
tion of a compact torus G, which is maximal and preserves the symplectic form on M. Is
it true that M is diffeomorphic to a product of a projective nonsingular toric variety and a
compact torus?
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The other direction is locally conformal Ka¨hler version. A Hermitian manifold (M,h) is
said to be a locally conformal Ka¨hler manifold if the hermitian metric h is locally confor-
mal to a Ka¨hler metric, that is, there exists an open cover {Uλ} of M and positive valued
functions fλ : Uλ → R>0 such that fλ h is a Ka¨hler metric on Uλ . A typical example of
locally conformal Ka¨hler manifold is a diagonal Hopf manifold. Let α˜ ∈ C \R and put
α := e
√−1α˜
. Define an equivalence relation ∼ on Cn \{0} to be
(z1, . . . ,zn)∼ (αkz1, . . . ,αkzn) for all k ∈ Z,(z1, . . . ,zn) ∈ Cn \{0}.
The quotient space M :=Cn \{0}/∼ which is called a diagonal Hopf manifold carries the
Hermitian metric
h = 1∑nj=1 |z j|2
n
∑
i=1
dzi⊗dzi
which is locally conformal to a Ka¨hler metric. Moreover, h is invariant under the action of
(S1)n on M to which the standard (S1)n-action on Cn \ {0} descends. Also, h is invariant
under the action of S1 = R/Z given by [z1, . . . ,zn] 7→ [e
√−1α˜tz1, . . . ,e
√−1α˜tzn] for t ∈ R,
where [z1, . . . ,zn] ∈ M denotes the equivalence class of (z1, . . . ,zn) ∈ Cn \ {0}. The action
of G = (S1)n × S1 on M is maximal. In fact, the orbit through [1,0, . . . ,0] is a real 2-
dimensional torus which is minimal.
Problem 12.5. Characterize a compact connected complex manifold M equipped with
a maximal action of a compact torus G which admits a (G-invariant) locally conformal
Ka¨hler metric in terms of F1(M,G).
We may expect that a solution of Problem 12.5 will provide a lot of concrete examples
of locally conformal Ka¨hler manifolds, as well as the correspondence between Ka¨hler toric
manifolds and Delzant polytopes (see [8]).
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